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PREFACE. 



A LARGE number of the Theorems usually presented in text- 
books of Geometry are unimportant in themselves and in no 
way connected with the subsequent Propositions. By spending 
too much time on things of little importance, the pupil is fre- 
quently unable to advance to those of the highest practical 
value. In this work, although no important Theorem has been 
omitted, not one has been introduced that is not necessary to 
the demonstration of the last Theorem of the five Books, namely, 
that in relation to the volume of a sphere. Thus the whole 
constitutes a single Theorem, without an unnecessary link in 
the chain of reasoning. 

These five Books, including Ratio and Proportion, are pre- 
sented in eighty-one Propositions, covering only seventy pages. 
This brevity has been attained by omitting all unconnected 
propositions, and adopting those definitions and demonstrations 
that lead by the shortest path to the desired end. At the close 
of each Book are Practical Questions, serving partly as a review, 
partly as practical applications of the principles of the Book, 
and partly as suggestions to the teacher. As those who have 
not had experience in discovering methods of demonstration 
have but little real acquaintance with Geometry, there have 
been added to each Book, for those who have the time and the 
ability. Theorems for original demonstration. These Exercises, 
with diflferent methods of proving propositions already demon- 
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strated, include those that are usually inserted, but whose dem- 
onstration in this work has been omitted. In some of these 
Exercises references are given to the necessary propositions ; in 
some suggestions are made; and in a few cases the figure is 
constructed as the proof will require. 

A sixth Book of Problems of Construction is added, which is 
followed by Problems for the pupil to solve. This Book, or any 
part of it, if thought best, can be taken immediately after com- 
pleting Book III. 

W. F. B. 

Cambbidge, Mass., April, 1872. 
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PLANE GEOMETRY. 



mTRODUCTOEY DEFINITIONS. 

!• Mathematicg is the science of quantity. 

2« Quantity is that which can be measured; as distance, 
time, weight. 

3« Geometry is that branch of mathematics which treats of 
the properties of extension. 

!• Extension has one or more of the three dimensions, 
length, breadth, or thickness. 

5« A Point has position, but not magnitude. 

6« A line has length, without breadth or thickness. 

7 A Straight Line is one whose direction 
is the same throughout ; b& A B. 

A straight line has" two directions exactly opposite, of which 
either may be assumed as its direction. 

The word linef used alone in this book, means a straight line. 

8« Corollary. Two points of a line determine its position. 

9% A Curved Line is one whose direction 
is constantly changing; as C D. 

10* A Snr&ce has length and breadth, but no thickness. 

1 



2 PLA17E GEOMETBT. 

II. A Plane is such a surface that a straight line joining 
any two of its points is wholly in the surface. 

12* A Solid has length, breadth, and thickness. 

IS* Scholium. The boundaries of solids are surfaces; of 
surfaces, lines; the ends of lines axe points. 

II. A Thaorsm is something to be proved. 

15* A ProUem is something to be done. 

16« A Pwpoiition is either a theorem or a problem. 

17« A Ocnollary is an inference from a proposition or state- 
ment. 

18* A gehaWnm is a remaik appended to a proposition. 

19« An Hypottiesis is a supposition in the statement of a 
proposition, or in the course of a demonstration. 

20« An Asom is a self-eyident truth. 

AXIOMS. 

1. If equals are added to equals, the sums are equal 

2. If equals axe subtracted from equals, the remainders are 
equal 

3. K equals are multiplied by equals, the products are equaL 

4. If equals are divided by equals, the quotients are equal 

5. Like powers and like roots of equals are equal 

6. The whole of a magnitude is greater than any of its parts. 

7. The whole of a magnitude is equal to the sum of all its 
parts. 

8. Magnitudes respectively equal to the same magnitude are 
equal to each other. 

9. A straight line is the shortest distance between two points. 
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ANGLES, LINES, POLYGONa 

ANGLES. 

DEFINITIONS. 

]• An Angle is the difference in direction of two lines. 

If the lines meet, the point of meeting, B^ 
is called the vertex ; and the lines A B^ B C, ^ ^^'^^^ ^ 
the Mm of the angle. 

K there is but one angle, it can be designated by the letter 
at its yertez, as the angle B ; bat when a number of angles 
have the same vertex, each angle is designated by three letters, 
the middle letter showing the vertex, and the other two with 
the middle letter the sides ; as the angle ABC. 

2« If a straight line meets another so as jy 

to make the adjacent angles equal, each 
of these angles is a right angle ; and the two 

lines are perpendicular to each other. Thus, . 

ACD and DC By being equal, are right an- ^ 

gles, and AB and DC 2ixe perpendicular to each other. 

S» An Acute Angle is less than a right 
angle; zaEOB. 

!• An Obtiuie Angle is greater than a right A 

angle; baACB, ^ 

Acute and obtuse angles are called oblique angles. 
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5t The Oomplemeiit of an angle is a right angle minus the 
given angle. Thus (Fig. in Art. 7), the complement o£ ACD 
iBACF—ACI) = DCF. 

6« The Sapplemeiit of an angle is two right angles minus 
the given angle. Thus (Fig. Art. 7), the supplement oi ACD 
is (A CF-^- FCB) — ACD = DCB. 




THEOBEM I. 

7« The sum of M the angles formed at a point on one side of 
a straight Hne, in the same plane, is equal to two right angles. 

Let D C and E C meet the straight 
line A B bA, the point C', then 
ACD '\' DCE + ECB = two 
right angles. 

At C erect the perpendicular, CF', 
then it is evident that 

ACD-\-DCE+ECB=zACD + DCF-\-FCE-^ECB 

= A CF+FCB=two right angles. 

8i Corollary 1. If only two angles are 
formed, each is the supplement of the other. 
For by the theorem, 
A CD + 2> (7^ = two right angles ; 
therefore ACD=z two right angles — D CB, 
or DCB = two right angles — A CD. 

9» Corollary 2. The sum of all the angles formed in a 
plane about a point is equal to four right angles. 

Let the angles ABD, DBF, EBF, 
FBG, GBAfhe formed in the same 
plane about the point B. Produce 
AB; then the sum of the angles 
above the line AC ib equal to two 
right angles ; and also, the sum of 
the angles below the line ACiu equal 
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to two angles (7) * ; therefore the sum of all the angles at the 
point B is equal to four right angles. 

THEOREM II. 

N 

10« If at a point in a straight line two other straight lines 
upon opposite sides of it make the sum of the a^acent angles equal 
to two right angles^ these two lines form a straight line. 

Let the straight line D B meet the 
two lines, AB^BC^m^iBto make 
ABD-^-DBC^^ztvfo right angles : 
then A B and B C form a straight 
line. ' B 

For if AB and B C do not form a straight line, draw BB so 
that A B and B E shall form a straight line ; then 

ABD + 2>^^= two right angles (7); 
but by hypothesis, 

ABD-\-DBC:=:two right angles ; 
therefore DBE=zDBC 

the part equal to the whole, which is absurd (Axiom 6) ; there- 
fore A B and B C form a straight line. 

THEOREM III. 

Ill If two straight lines cut each other , the vertical angles are 
equal. 

Let the two lines, AB, CD, cut each other at ^; then 

ABCz=I)I!B. 
For ABD is the supplement of both A ,.^^^^^ ^^^^ -D 

ABCandBBB (S); therefore J^]^!]><Cl^ 

AEC=DEB O B 

In the same way it may be proved that 

AEDz=CEB 



* The figures alone refer to an article in the same Book ; in referring to 
an article in another Book the number of the Book is prefixed. 
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THEOREM lY. 

12* Two angles whose sides have the same or opposite directtons 
are equal. 

Ist Let BA and BC, including the 
angle B^ have respectiyely the same direc- 
tion as £D and £F, including the angle £; 
then angle B = angle B, 

For since BA has the same direction as 
BB, and ^C7 the same as BF, the differ- 
ence of direction of BA and B C must be 
the same as the difference of direction ofBB and BF; that is, 
angle B = angle B. 

2d. Let BA and B C, including the 
angle B, have respectiyely opposite di- 
rections to BD and B F^ including the 
angle B\ then angle B = angle B. 

Produce D B and FB so as to form 
the angle OEH\ then (11) 

GBH:=^DEF 
and GEH=ABG by the first part of this 

proposition ; therefore angle B = angle B. 

PARALLEL LINES. 




ISi Befinttion. PaxaM Lilies are such as A- 
haye the same direction ; tAABBJodCB. ^ 



II. CoroUary. Parallel lines can neyer meet. For, since 
parallel lines haye the same direction, if they coincided at one 
point, they would coincide throughout and form one and the 
same straight line. 

Conyersely, straight lines in the same plane that neyer meet, 
howeyer &r produced, are parallel. For if they neyer meet 
they cannot be approaching in either direction, that i% they 
must haye the same direction. 
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15« Axiom. Two lines parallel to a third are parallel to 
each other. 

16« Definition. When parallel lines are cut by a third, the 
angles without the parallels are called 
external; those within, internal; thus, 
AGE, EGB, CHFy FED are «?- 
fema/ angles; AGH.BGH, GHC, 
GHD are internal angles. Two in- 
ternal angles on the same side of the 
secant, or cutting line, are called internal angles on the tame 
side; BaAGffBxidGffC,OTBGffaxLdGffD. Twointemal 
angles on opposite sides of the secant, and not adjacent, are 
called aUemaie inlemal angles ; sa A GH and GHD^ ox BGH 
vdAGHG. 

Two angles, one external, one internal, on the same side of 
the secant, and not adjacent, are called opposite external and in- 
temcU angles; ba EG A said GHG, or EOB AiA GHD. 

THEOREM V. 

17* If d straight line ctU two parallel lines^ 
1st. The opposite external and internal angles are equal, 
2d. I%e aUemate internal angles are equal, 
3d. The internal angles on the same side are supplements of 
ea/ih other. 

Let EF cut the two parallels A B 
and CD; then ^"\sj3 

1st The oppoifite external and 




internal angles, EGA and GHC^ ^ 

or MGB and GHD, im equal, \^^ 

since their sides have the same di- 
rection (12). 

2d. The alternate internal angles, AGE and GHD, or 
BGH and GHC^ are equal, since their sides have opposite 
directions (12). 
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3d. The internal angles on the same side, A GH and GHC^ 
or BGH and G H D, are supplements of each other ; for A GH 
is the supplement oi AGE (8), which has just been proved 
equal to GHC. In the same way it may be proved that BGH 
and GHD are supplements of each other. 

THEOREM VI. 

CONYEBSE OF THBOREM V. 

18t If a straight line cut two other straight lines in the same 
planfj these two lines cere parallel, 

1st. If the opposite external and internal angles are equal, 

2d. If the alternate internal angles are equal, 

3d. If the internal angles on the same side are supplements of 
each other. 

Let EF cut the two lines A B and 

CD BO astomake JFG^^ = (?iJA 
or A GH ^ GHD, or BGH and 
GHD supplements of each other; 
then ^ ^ is parallel to CD, 

For, if through the point G a line 
is drawn parallel to CD, it will make the opposite external and 
internal angles equal, and the alternate internal angles equal, 
and the internal angles on the same side oqnai (17) j therefore 
it must coincide with A B ; that is, ^ ^ is parallel to CD. 




PLANE FIGURES- 

DEtiNinoNa 

19* A Plane ngnre is a portion of a plane bounded by lines 
either straight or curved. 

When the bounding lines are straight, the figure is a polygon, 
and the siun of the bounding lines is the perimeter. 
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20i An Equilateral Polygon is one whose sides are equal 
each to each. ^ 

21. An Equiangular Polygon is one whose angles are equal 
each to each. 

22t Polygons whose sides are respectively eqiial are rnvtually 
equilateraL 

23« Polygons whose angles are respectively equal are mutu- 
ally equiangular. 

Two equal sides, or two equal angles, one in each polygon, 
similarly situated, are called homologous sides, or angles. 

24 • Equal Polygons are those which, being applied to each 
other, exactly coincide. 

25t Of Polygons, the simplest has three sides, and is called 
a triangle ; one of four sides is called a quadrilateral ; one of 
five, a pentagon ; one of six, a hexagon ; one of eight, an octagon ; 
one of ten, a decagon. 
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TRIANGLES. 

26< A Soalone Triangle is one which has 
no two of its sides equal ; si& ABC. ^ 




E 



27< An laosoeles Triangle is one which has two 

of its sides equal; 2i& D E F. 

BL \F 




28. An Equilateral Triangle is one whose 
sides are all equal ; os IGIT. 

I^ ^R 

1* 
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29. A Sig^t Triangle is one which has a 
right angle ; as JKL, 

The side opposite the right angle is called 
the hypothenvM. 




I. An Obtiu»«DgIed Triangle is one 
which has an obtuse angle; as MNO. ^, 




Sit An Acnte-angled Triangle is one whose angles are all 
acute; baDBF. 

Acnte and obtuse-angled triangles are called Mique<mgled 
triangles. 

S2» The side upon which any polygon is supposed to stand 
is generally called its h<ue; but in an isosceles triangle, as 
DEFy m which LE^^EF, the third side DF is always 
considered the base. 



THEOREM VII. 

S8« The mm of the angles of a triangle is equal to two right 
angles. 

Let ABChQ2^ triangle ; the sum 
of its three angles, A^ By Cy is equal 
to two right angles. 

Produce A (7, and draw G D ^^x- 
allelto^^; then J9C7.& = -4, be- A 
mg external internal angles (17); 
BCD :=. By being alternate internal angles (17) ; hence 

DCE+BCD + BCA — A+B + BCA 
but DC E ^BCD-^-BC A =.two right angles (7) ; 
therefore -4 + -^ "I" -^ ^^ = *^<> "€[bt angles. 

Sl« Cor. 1. If two angles of a triangle are known, the third 
can be found by subtracting their sum £rom two right angles. 
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95* Car. 2. If two triangles have two angles of the one 
respectively equal to two angles of the other, the remaining 
angles are eqnaL 

86« Car. 3. In a triangle there can be but one right angle, 
or one obtuse angle. 

S7« Car. 4. In a right triangle the sum of the two acute 
angles is equal to a right angle. 

38* Car. 5. Each angle of an equiangular triangle is equal 
to one third of two right angleef, or two thirds of one right 
angle. 

89« Car. 6. If any side of a triangle is produced, the exte- 
rior angle is equal to the sum of the two interior and opposite. 



THEOREM VIII. 

40« If twa trianglea have twa sides and the induded angle af 
ike one respectively equal ta ttva sides and the indvded angle af the 
ather, the twa triangles are equal in all respects. 

In the triangles ABC, b B 

DEF, let the side AB 
equal DE, A C equal DFj 
and the angle A equal the 
angle D ; then the triangle ^ , 
ABC is equal in all re- 
spects to the triangle D EF. 

Place the side AB on its equal D E, with the point A on the 
point Df the point B will be on the point ^, as ^ ^ is equal to 
D E ; then, as the angle A is equal to the angle i), A C will 
take the direction D F, and as ^ (7 is equal to i> i^, the point 
C will be on the point F; and BC will coincide with EF, 
Therefore the two triangles coincide, and are equal in all re- 
spects. 
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THEOREM IX. 



41 • If two triangles have two angles and the inclvded side of 
the one respectively equal to ttoo angles and the inclvded side 
of the other, the two triangles are equal in all respects. 



E 




In the triangles ABC 
and DEF, let the angle 
A equal the angle 2>, the 
angle C equal the angle 
jP, and the side A C equal 
DF'y then the triangle 
A£ C is equal in all respects to the triangle D EF. 

Place the side A C on its equal D F, with the point A on the 
point D, the point C will be on the point F, as AC ib equal to 
DF ; then, as the angle A is equal to the angle D, AB will 
take the direction DE; and as the angle C is equal to the 
angle F^ CB will take the direction F E ', and the point B fall- 
ing at once in each of the lines D E and F E must be at their 
point of intersection E, Therefore the two triangles coincide, 
and are equal in all respects. 



THEOREM X. 

42t In an isosceles triangle the angles opposite the equal sides 
are equal. 

In the isosceles triangle ABC let B 

A B and BC he the equal sides ; then 
the angle A is equal to the angle C, 

Bisect the angle ABC hj the line , ,. . 

BD", then the triangles ABD and 
BCD are equal, since they have the two sides AB^ B D, and 
the included angle ABD equal respectively to BC, B 2>, and 
the included angle DBC (40) ; therefore the angle A = C. 

4St Cor, 1. From the equality of the triangles ABD and 
BCD, AD =z DC, and the angle ADB =zBDCi that is, the 




o 
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line bisecting the angle opposite the base of an isosceles triangle 
bisects the base at right angles and also bisects the triangle ; 
also the line drawn from the vertex perpendicular to the base 
of an isosceles triangle bisects the base, the vertical angle, and 
the triangle. And, conversely, the perpendicular bisecting the 
base of an isosceles triangle bisects the angle opposite, and also 
the triangle. 

44 • Cor, 2. An equilateral triangle is equiangular. 

THEOREM XL 

45t If two angles of a triangle are equals the sides opposite are 
also equal. 

In the triangle ABC let the angle 
A equal the angle (7; then AB i^ equal 
to BC, 

Bisect the angle ABC hj the line 
BD, Now by hypothesis the angle 
A is equal to the angle C, and by construction the angle ABD 
is equal to the angle B BC \ therefore (35) the angle ABB'x^ 
equal to the angle BBC \ and the two triangles ABB, BBC, 
having the side BB common and the angles including BB 
respectively equal, are equal (41) in all respects ; therefore 
AB = BC, 

46t Corollary, An equiangular triangle is equilateral. 

THEOREM XII. 

47* Th^ greater side of a triangle is opposite the greater angle ; 
and, conversely, the greater angle is opposite the greater side. 

In the triangle ABCletBhe greater 
than C ; then the side AC is greater 
than A B, 

At the point B make the angle CBB 
equal to the angle C ; then (45) 
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1 




DB=iDC 

But (Axiom 9) ^ 

AD + DB^^AB 
therefore AC^ AB 

Conversely, Let AC ^ AB; then the angle ABC^ C. 

For if the angle ABC is not greater than the angle C^ it 
must be either equal to it or less. It cannot be equal, because 
then the side AB = AC (45), which is contraiy to the^jpoth- 
esis. It cannot be less, because then, by the former part of 
this theorem, AC <C AB, which is contraiy to the hypothesis. 
Hence, the angle ABC ^ C. 

(^"^ 

THEOREM XIII. 

48« Two triangles muiitaUy equilatercd are equal in aU retpecls. 

Let the triangle ABC 
have A By BCy C A respec- 
tively equal to AD, DC^ CA 
of the triangle ADC', then 
A BC is equal in all respects 
to ADC. 

Place the triangle ADC 
so that the base A C will co- 
incide with its equal A C, but so that the vertex D "will be 
on the side of A C, opposite to B, Join BD. Since by hy- 
pothesis ABz=ADyABD is an isosceles triangle; and the 
angle ABD =z AD B (4:2); also, since BC=CD, BCD is 
an isosceles triangle; and the angle DBC=^CDB; there- 
fore the whole angle ABC=:ADC; therefore the triangles 
ABC and ADC, having two sides and the included angle of 
the one equal to two sides and the included angle of the other, 
are equal (40). 
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I9« Scholium. In equal triangles the equal angles are oppo- 
site the equal sides. 



^^ THEOREM XIV. 

50* Two right triangle* having the hypothenme and a side 
of the one respectively equal to the hypoihewuse and a tide of the 
other are equal in all respects. 

Let ABC have the hypothenuse A B 
and the side B C equal to the hypothe- 
nuse BD and the side BC of BCD; 
then are the two triangles equal in all 
respects. 

Place the triangle BCD m that the side B C will coincide 
with its equal B Cy then. CD will be in the same straight line 
with A C (10). An isosceles triangle ABD\& thus formed, and 
B C being perpendicular to the base divides the triangle into 
the two equal triangles ABC and B CD (43). 




THEOREM XV. 

• 

51* If from a point without a straight line a perpendicidar 
and oblique lines be drawn to this line, 

1st. I%e perpendicular is shorter than any oblique line, 

2d. Any two oblique lines equally distant from the perpendicu- 
lar are equal, 

3d. Of two oblique lines the more remote is thegrecEter. 

Let A be the given point, BC the 
given line, A D the perpendicular, and 
A Ey A By AC oblique lines. ^^ 

1st. In the triangle AD E, the an- 
gle ^ i> J^ being a right angle is greater than the angle A ED; 
therefore AD<,AE (47). 
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2d. If D£: = J)C; then the two 
triangles ADE and ADGy having two 
sides ADf DE, and the included angle ^ 
ADE respectively equal to the two ^ 

sides ADy DGy and the included angle ADC^ 3ie equal (40), 
and AE i& equal to AC. 

dd. li DB ^ DE', then, since AEJD is an acute angle, 
AEB is obtuse, and must therefore be greater than ABE (36) ; 
hence AB^AE (47). 

52« CoroUary, Two equal oblique lines are equally distant 
from the perpendicular. 

THEOREM XVI. 

53 • If at the middle of a straight line a perpendicular is 
drawn, 

1st. Any point in the perpendicular is equally distant from the 
extremities of the line. 

2d. Any point without the perpendicular is unequally distant 
from the same extremities. 

Let CD he the perpendicular at the middlie E 

of the line A B ; then ^/ \ 

1st. Let D be any point in the perpendicu- / 

lar; drawi)-4 and i>^. SmGeCA = CB, / 
DA = DB{51). 

2d. Let E be any point without the perpen- 
dicular ; draw EA and EB, and from the point 
Dy where EA cuts D C, draw D B. The an- *^ 

gle A BE ^ABD = BAD] hence, in the triangle A ER 
smce the angle A BE > BA D, EA > EB (47). 




W 



C 



\ 



/ 



>B 
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QUADRILATERALS. 



DEFINITIONS. 



51* A Trapezium is a quadrilateral which 
has no two of its sides parallel ;m ABCD. 




>• A Trapezoid is a quadrilateral ^ 
which has only two of its sides parallel ; 



G 



56* A Faxallel(^;ram is a quadrilateral whose opposite sides 
are parallel; as IJKL, or MNOP, or QRST, or UVWX, 

J 
51 9 A Beotangle is a right-angled parallel- 
ogram ; as IJKL, 



K 



58* A Square is an equilateral rectangle; 
^MNOP. 




B 



S 



59* A Shomboid is an oblique-angled par- 
allelogram ; as QES T. 



Q T 

U V 



60* A Bhombiu is an equilateral rhomboid ; 
as UYWX. 



X W 

61* A Diagonal is a line joining the vertices of two angles 
not adjacent ; aa DB. 



/ 



X 
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^-. ' THEOREM XVII. 

\,/ 

62« Tht opposite tides and angles of a paraUdogram are equal 
to each other. 

Let ABC D he a parallelognun ; then 
wm AB = DC, BC = AD, the angle 
A = C,aiLdB = D. 

Draw the diagonal BD. Aa BC and A 
( AD are parallel, the alternate angles CBD and BDA are 
\ equal (17); and bs AB and DC are parallel, the alternate 
angles ABD and B DC axe equal ; theref<nre the two triangles 
AB D and BD C, having the two angles equal, and the in- 
cluded tadeBD common, are equal (41) ; and the sides opposite 
the equal angles are equal, viz. : AB=zDC and BC = AD; 
also the angle A=zC, and the angle 

ABC=ABD + DBC = BDC-\-BDA = ADC 

63« Cor. 1. The diagonal divides a parallel(>gram into two 
equal triangles. 

6I« Cor. 2. Parallels included between parallels are equal 

THEOREM XVIII. '^ y 

CS« If two sides of a quadrilateral are equal and paraUd, the 
figure is a parallelogram. 

Let A B CD be a quadrilateral having 
B C equal and parallel to ^ 2> ; then 
A B CD is a parallelogram. 

Draw the diagonal BD. Aa BC is A D 

parallel to AD, the alternate angles CBD and BDA are equal 
(17); therefore the two triangles CBD and BDA, having 
the two sides CB, BD, and the included angle CBD respeo- 
tively equal to the two sides AD, D B, and the included angle 
ADB, are equal (40), and DC i& equal to AB, and the alter- 
nate angles ii^2> and^2>C7are equal; therefore ^^ is par- 
allel to DC (18), and ABCD i8& parallelogram. 
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THEOREM XIX. 

M* The line joining the middle points of the two tides of a 
trapezoid which are not parallel is parallel to the two parallel 
sides, and eqtial to half their sum. 

Let i^^ join the middle points of the sides AB and CD, 
which are not parallel, of the trapezoid ABCD ; then 

1st. i^^is parallel to ^C and ^Z>. ^^ g C 

Through F draw Off parallel to -ff -4, 
meeting AD produced in ff. The an- 
gles 6« -PC and Z> Fff are equal (11) ; 
also the angles ^ C ^ and FD 5' (1 7) ; ~ JD ff 

and the side C^ is equal to FD; therefore the triangles GFC 
and DFJffBxe equal (41), and 

GF=Fff = iGjEr 

But BB ABGffiBA parallelogram, GH=zBA (62) ; therefore 

FH=\BA=AE 

therefore AFFff is a parallelogram (65), and -^-Fis parallel 
to AD, and therefore also to BC. 

2d. FF=i(AD + B(y) 

For baAFFH and FBGFare parallelograms 

FF=Aff=AD + Dff 
andalso FF=BG =BC —GC 

Now, as the two triangles GFC and DFH are equal, 
GC = DH\ therefore, if we add the two equations^ we 
shall have 

^EF — AD'\-BG \ 

or EF=\{AD'\-Ba) ^ 



20 PLANE GEOMETRY. 

THEOREM XX. 

67» The sum of the irUeruyr angles of a polygon is equal to 
tvnce as many right angles as it has sides minus two. 

Let ABC DJSF he the given polygon ; 
the sum of all the interior angles A, B, (7, 
Dy E, F, is equal to twice as many right 
angles as the figure has sides minus two. 

For if from any vertex -4, diagonals A 0, 
AD, AE, are drawn, the polygon will be 
divided into as many triangles as it has sides minus two ; and 
the sum of the angles of each triangle is equal to two right 
angles (33) j therefore the sum of the angles of all the triangles, 
that is, the sum of the interior angles of the polygon, is equal to 
twice as many right angles as the polygon has sides minus two. 




PRACTICAL QUESTIONS. 

1. Do two lines that do not meet form an angle with each other ? Two 
lines not in the same plane I 

« 

2. Does the magnitude of an angle depend upon the length of its sides ? 

8. If a right angle is 90°, what is the complement of an angle of 2,T ? 
of 51" ? of 91° ? of 153° ? What is the supplement of an angle of 13° ? 
of 83° ? of 97° ? of 217° ? 

4. If three of four angles formed at a point on the same side of a straight 
line, in the same plane, contain respectively 15°, 27°, and 99°, how many 
degrees does the fourth angle contain ? 

5. If five of six angles formed in a plane alx>ut a point are respectively 
11", 58°, 74°, 19°, and 117°, how many degrees are there in the sixth angle ? ; 



V 



6. On opposite sides of a line ^ ^ are two lines making with A J9, at 
the point A, the first an angle of 29°, and the second an angle of 61° ; how 
are these two lines related ? 
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7. Can two polygons, each not equilateral, be mutually equilateral ? 

8. Can two polygons, each not equiangular, be muttuilly equiangular ! 

9. If two angles of a triangle are respectively 32** and 43^ how many 
degrees are there in the remaining angle ? 

10. If one acute angle of a right triangle is 24% how many degrees 9>re 
there in the other acute angle ? : ^ 

11. How many degrees in each angle of an equiangular triangle ? 

12. How many degrees in each angle at the base of an isosceles triangle 
whose vertical angle is 14° ! \ "^ , 

13. How many degrees in each acute angle of a right-angled isosceles 
triangle ? MS 

14. If one of the angles at the base of an isosceles triangle is double 
the angle at the vertex, how many degrees in each ? .j, >>' 

15. If the angle at the vertex of an isosceles triangle is doubU one of 
the angles at base, how many degrees in each I ^^ 

16. Two triangles mutually equilateral are equiangular (48). Are two 
triangles mutually equiangular also equilateral I 

17. Is a square a parallelogram ? Is a parallelogram a square ? 

18. Is a rectangle a parallelogram ! Is a parallelogram a rectangle ? 

19. How many sides equal to one another can there be in a trapezoid ? 
How many in a trapezium ? 

20. How many decrees in each angle of an equiangular pentagon^? an 
equiangular hexagon i octagon ? £cagon 7 dodecagon ? 

21. If the parallel sides of a trapezoid are respectively 8 feet and 13 feet 
in length, how long is the line joining the middle points of the other two 
sides ? 

22. If one of the angles of a parallelogram is 120% how many degrees 
are there in each. of the other angles ? 
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EXERCISES. 

The following Theorems, depending for their demonstration upon 
those already demonstrated, are introduced as exercises for the pupil 
In some of them references are made to the propositions upon which 
the demonstration depends. They are not connected with the prop- 
ositions in the following books, and can be omitted if tiiought best. 

68* Two angles whose sides have, one pair the same, the otiier 
opposite directions, are supplements of each other. (12.) (8.) 



U Any side of a triangle is less than tiie sum, but greater than 
the difference, of tiie otiier two. (Axiom 9.) 

70« The sum of the lines drawn from a point within a triangle to 
the extremities of one of tiie sides is less than the sum of the other 
two sides. 

Produce one of the lines to the side of tiie triangle. (Axiam 9.) 

71 • The angle included by the lines drawn from a point within a 
triangle to the extremities of one of the sides is greater than tiie 
angle included by the other two sides. 

Produce as in (70). (39.) 

72* The angle at the base of an isosceles triangle being one fourtii 
o£ the angle at the vertex, if a perpendicular is drawn to the base at 
its extreme point meeting the opposite side produced, the triangle 
formed by the perpendicular, the side produced, and the remaining 
side of the triangle is equilateral 

7S* If an isosceles and an equilateral triangle have the same base, 
and if the vertex of the inner triangle is equally distant from the ver- 
tex of the .outer and the extremities of the base, then the angle at 
the base of the isosceles triangle is ^ or f of its vertical angle, accord- 
ing as it is the inner or the outer triangle. 

71 • Prove Theorem YIL by first drawing a line through J9 par- 
allel to AC. 

75* Prove Theorem VIL by drawing a triangle upon the floor, 
walking over its perimeter, and turning at each vertex through an 
angle equal to the angle at that vertex. 
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76« Only one perpendicular can be drawn from a point to a straight 
line. 

(Two cases. 1st When the point is without the line. 2d. When 
the point is within the line.) 

77« Two straight Knes perpendicular to a third are paralleL (13.) 

78« If a line joining two parallels is bisected, any other line drawn 
through the point of bisection and joining the parallels is bisected. 

79* If two triangles have two sides of one S 
respectively equal to two sides of the other, but 
the included angles unequal, the third side of the 
one having the included angle greater is greater 
than the third side of the other. 

(Place the triangles as in the figure ; draw BIi -^ 
bisecting the angle C BD^ and join Cand J&.) 

80* (Converse of 79.) If two triangles have two sides of one 
respectively equal to two sides of the other, but the third sides un- 
equal, the included angle of the one having the third side greater is 
greater than the included angle of the other. 

(Prove it by proving any other supposition absurd.) 

81* Prove in Theorem XIII. the angles of the two triangles 
equal by reference to (79) ; then that the triangles are equal by (40) 
or (41). 

82« (Converse of part of 62.) If the opposite sides of a quad- 
rilateral are equal, the figure is a parallelogram. 

8S« (Converse of part of 62.) If the opposite angles of a quadri- 
lateral are equal, the figm*e is a parallelogram. 

81 • (Converse of 63.) If a diagonal divides a quadrilateral into 
two equal triangles, is the figure necessarily a parallelogram? 

85« The diagonals of a parallelogram bisect each other. 

86* (Converse of 85.) If the diagonals of a quadrilateral bisect 
each other, the figure is a parallelogram. 

87« The diagonals of a rhombus bisect each other at right angles. 
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88* (Converse of 87.) If the diagonals of a quadrilateral bisect 
each other at right angles, the figure is a rhombus. 

89* The diagonals of a rectangle are equal 

90* The diagonals of a rhombus bisect the angles of the rhombus. 

91* Straight lines bisecting the adjacent angles of a parallelogram 
are perpendicular to each other. 

92* From the vertices of a parallelogram measure equal distances 
upon the sides in order. The lines joining these points on the sides 
form a paraUelogram. 



!• Prove Theorem XX. by joining any point within to the ver- 
tices of the polygon. 

94* If the sides of a polygon, as 
ABCDEF^ are produced, the sum of -^ 
the angles a, h, c, (?, e, /, is equal to four 
right angles. 

95* If a pavement is to be laid with blocks of the same regular 
form, prove that their upper faces must be equilateral triangles, 
squares, or hexagons. (67.) (9.) 




If two kinds of regular figures, with sides of the same length, 
are to be used at each angular point, show that the pavement can be 
laid only with blocks whose upper fistces are, 

1st. Triangles and squares. 
2d. Triangles and hexagons. 
3d. Triangles and dodecagons. 
4th. Squares and octagons. 
How many of each must there be at each angular point ? 

97* If three kinds of regular figures, with sides of the same 
length, are to be used at each angular point, show that the pavement 
can be laid only with blocks whose upper faces are, 
1st. Triangles, squares, and hexagons. 
2d. Squares, hexagons, and dodecagons. 
How many of each must there be at each angular point ? 



^ 



EATIO AND PEOPOETIOK 



DEFINITIONS. 



(It is necessary to understand the elementary principles of ratio and pro- 
portion before entering upon the Books that are to follow. It is therefore 
introduced here, but not numbered as one of the Books of Geometry, as it 
belongs properly to Algebra. Reference to the propositions in ratio and 
proportion will be made by the abbreviation Pn., with the number of the 
article annexed.) 

!• Satio is the relation of one quantity to another of the 
same kind ; or it is the quotient which arises from dividing one 
quantity by another of the same kind. 

Eatio is indicated by writing the two quantities after one an- 
other with two dots between, or by expressing the division in 
the form of a fraction. Thus, the ratio of a to 6 is written, 

a :h, or t; read, a is to 6, or a divided by 6. 

2* The Terms of a ratio are the quantities compared, whether 
simple or compound. 

The first term of a ratio is called the antecedent, the other 
the coTiseqtient ; the two terms together are called a couplet. 

3* An Inverse or Beciprocal Satio of any two quantities is 
the ratio of their reciprocals. Thus, the direct ratio of a to 6 

is a : 5, that is, -r : the inverse ratio of a to 6 is - : 7, that is, 

0' ah 

116, 
- -*- T = -, or 6 : a. 
a o a 

!• Froportion is an equality of ratios. Four quantities are 

in proportion when the ratio of the first to the second is equal 

to the ratio of the third to the fourth. 

2 
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The equality of two ratios is indicated by the sign of equality 

(=), or by four dots (: :). 

ft ft 
Thus, a:& = c:c^ or a:6::c:(f, or- = -; read a to 6 

equals c to (f, or a is to 6 as c is to (f, or a divided by h equals c 
divided by'rf. 

5« In a proportion the antecedents and consequents of the 
two ratios are respectively the antecedents and c(msequmt8 of the 
proportion. The first and fourth terms are called the extreme 
and the second and third the means. 



6* When three quantities are in proportion, e. g. a : 5 = 6 : c, 
the second is called a mean proportional between the other two ; 
and thb third, a third proportional to the first and second. 

7* A proportion is transformed by Alternation when antece- 
dent is compared with antecedent, and consequent with conse- 
quent. 

8* A proportion is transformed by Invendoii when the ante- 
cedents are made consequents, and the consequents antece- 
dents. 

9* A proportion is transformed by Oolapofition when in each 
couplet the sum of the antecedent and consequent is comjtoed 
with the antecedent or with the consequent. 

lOi A proportion is transformed by IMviaon when in each 
couplet the diiference of the antecedent and consequent is com- 
pared with the antecedent or with the consequent. 

11 • Axiom, Two ratios respectively equal to a third are 
equal to each other. 

\ 
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THEOREM I. 

12« In a proportion the product of the extremes is equal to 
the jyroduct of the means. 

Let a \h:=zc : d 

that is 7 = J 

o a 

Clearing of fractions ad=ihc 

13« Scholium. A proportion is an equation; and making 
the product of the extremes equal to the product of the means 
is merely clearing the equation of fractions. 

Td5E3REM IL 

14» If the prodtLct of two qtmntities is equal to the product of 
two others f the factors of either product mxiy he made the extremes^ 
and the factors of the other the means of a proportion. 

Let ^ d = b c 

a c 
Dividing by 6 a i ^^ 5 

that is a ih=2c :d 



THEOREM III. 

15* If four quantities are in proportion, they vnll he in pro-^ 
poriitm hy alternation. 

Let a :h :^ c : d 

By (12) ad = hc 

By(U) a:c = h:d 
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THEOREM IV. 

16* If four quantittes are m proportwn^ they toill he in pro- 
portion hy inversion. 

Let a :b = c :d 

By (12) ad=zbc 

By (14) b :a = d:e 

THEOREM V. 

17* If four quantities are in proportion^ they will be in pro- 
portion by composition. 

Let a :bz=zc : d 

that is 

Adding 1 to each member 



or 
that is 





a 


e 
''d 




dber 


?+'= 


5+' 






a + b 
b ~" 


d 






a-\-b:b = 


c + d: 


d 


THEOREM 


VI. 







18i If four quantities are in proportion^ they toUl be in pro- 
portion by division. 

Let a :b =2 c : d 

that is T = J 

a 

Subtracting 1 from each member t — 1 = ^ — 1 



or 



b d 

a — h c — d 



b d 

that is a — b :b = c — did 
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19« CoroUary, From (17) and (18), by means of (15) and 

(11), 



If 


a '.h — c : d 


then 


a-\-h :a — h — c-^-die — d 




THEOREM VII. 



20* Equimultiples of two quantities have the same ratio as the 
quantities themselves. 

For a__ma 

b mh 
that is a \ h =z m a : mh 

21* Corollary. It follows that either couplet of a proportion 
may be multiplied or divided by any quantity, and the result- 
ing quantities will be in proportion. And since by (15), if 
a '.h-^^ma \mh, a : twtyi =h : mh or ma : a=zmh ih, it 
follows that both consequents, or both antecedents, may be 
multiplied or divided by any quantity, and the resulting quan- 
tities will be in proportion. 



THEOREM VIII. 

22* If four quantities are in proportion, like pouters or like 
roots of these quantities vnll he in proportion. 

Let a :h =zc :d 

that is 



a 
h 


— 


c 
d 









Hence 

that is a^ : 6'* = c* : d^ 

Since n may be either integral or fractional, the theorem is 
proved. 
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THEOREM IX. 

23* If any number of quantities are proportional^ any oMece- 
dent is to its con>sequent as the sum of all the antecedents is to the 
sum of all the consequents. 



Let 




a :h Old e \f 


Now 




ah — ah (A) 


a.nd by (12) 




ad — he (B) 


and also 




af=he (C) 


Adding (A), (B), (C) 


a(6 + c 


i+/)_6(a + c + e) 


Hence, by (14) 




a:h — a-\-c-\-e\h-{-d'\'f 




THEOREM X. 



24 • If there are two sets of quantities in proportion, their pro- 
dv>ctSy or quotients f term by term, wUl be in proportion. 



Let 


a :h — e :d 




and 


e :f—g :h 




By (12) 


ad he 


(A) 


and 


eh—fg 


(B) 


Multiplying (A) by (B) 


ad eh — bcfg 


(C) 


Dividing (A) by (B) 


ad he 
eh fg 


(D) 


From (C) by (14) 


ae : hf — eg : dh 




and from (D) 


ah e d 

- • 7 — n'K 
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EELATIONS OF POLYGONS. 

DEFINmONa 

1* The Area of a polygon is the measure of its surface. It 
is expressed in units, which represent the number of times the 
polygon contains the square unit that is taken as a standard. 

2» Equivalent Polygons are those which have the same area. 

B 

S* The Altitude of a triangle is the perpendic- 
ular distance from the opposite vertex to the base, 
or to the base produced ; aa JB D. 



!• ' The Altitude of a parallelogram is the 
-perpendicular distance from the opposite side 
to the base ; as IK, 




5« The AUitEide of a trapezoid is the 
perpendicular distance between its paral- 
lel sides ; as FE, 



E 
M 



K H 

P N 



/ 



\ 



THEOREM I. 

6* Two polygons mutually equiangvlar and equilateral are 
equal. 



Let ABODEF and 
GHIKLM be two poly- 
gons having the sides A 
AB,BC,CD,DE,EF, 
FA and the angles Ay B, 




l> Q 
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(7, B^E^ F dl the one re- 
spectivelj equal to the 
%\^eAGH,HI,IK,KL, 
LM^ MG, and the angles 
G, H, /, K, X, M of the 
other ; then is the poly- 
gon ABODE Fef\\ifil to the polygon GHIKLM, 

For if the polygon ABC D EF is applied to the polygon 
G H I KL M BO that A B shall be on 6^ ZT with the point A oxx 
Gf B will fall on H, as AB and G If are equal ; and as *th« 
angle B is equal to the angle H, BC will take the direction 
HI; and as BC is equal to HI, the point C will fall on /; 
and so also the points D, E, F will fall on the points K, L, M\ 
and the polygon ABC D E F will coincide with the polygoii 
GHIKLM, and therefore be equal to it. 



THEOREM 11. 

7* The area of a rectangle is equal to tke product of its hoM 
and altitude. 



BOP 



R C 




F 

E 






















S 













L 



A H I J K D 



Let ABC B be a rectangle ; its area 
z=^ADy,AB. 

Suppose A B and ^1 Z> to be divided 
into any number of equal parts, A E, 
EF, AH, HI, Ac, and through the 
points of division, lines EL, F M, HO, 
I P, ike. be drawn parallel to the sides of 
the rectangle ; then the rectangle will be divided into squares ; 
these squares will be equal, to each other (6). If one of the 
equal parts, A E, represents the linear unit, then one of the 
squares, A E S H, represents the square unit ; and there will be 
as many square units in the rectangle A E L D as there are 
linear units in ^ i> ; and as many square units in the rectangle 
A B CD as there are square units in AE LD multiplied by the 
number representing the number of linear units in AB ', that 



f. 
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is, the area of the rectangle is equal to the product of its base 
and altitude, that is = -4 2) X -4 i5. 

8« Scholium, HAD and A B have no common measure, 
the linear unit may be taken as small as we please, that is, so 
small that the remainders will be infinitesimal, and can be neg- 
lected. 

9« Corollary, The area of a square is the square of one of 
its sides. 

THEOREM III. 

10* The area of a parallelogram is eqiml to the product of its 
hose and altitude. 

Let D F hQ the altitude of the paral- E B F G 

lelogram A BCD; then the area of j 
ABCD = ADX DF, [ 

At A draw the perpendicular A E meet- A D 

ing CB produced in E ] A MFD is a rectangle equivalent to 
the parallelogram ABC D, For the two triangles AEB and 
DFC, having the sides AE, AB equal respectively to the 
sides DF, DC (I. 64), and the included angle E AB equal to 
the included angle FD C (I, 12), are equal. Adding DFC to 
the common part ABFD gives the parallelogram ABCD; 
and adding its equal AEB to the common part ABFD, gives 
the rectangle A E FD ; therefore the parallelogram ABCD is 
equivalent to the rectangle A E FD ; but the area of the rec- 
tangle = AD X ^E (7); therefore the area of the parallelo- 
gram =zAD X J>E. 

THEOREM IV. 

11« The area of a triangle is equal to half the product of its 
hose and altitude. 

Let B Dho the altitude of the triangle ABC ; then the area 
oiABC = lACx BD. 

2* O 
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Draw CE parallel to AB, and BE 
parallel to A Cy forming the parallelogram 
ABEC. The triangle ABC'v& one half 
the parallelogram ABEC (I. 63) ; the 
area of the parallelogram -=, AC Y, BB 
(10) ; therefore the area of the triangle = J ^1 C X BD, 

12« Cor. 1. Triangles are to each other as the products of 
their bases and altitudes. For if A and a represent the alti- 
tudes of two triangles T and ty and B and h their bases, their 
areas are | ^ X -^ a^d \ay^h\ therefore 

T\t = \A X B',\ay^ h 
or (Pn. 21) T :t=iAX B laXh 

13* Cor, 2. Triangles having equal bases are as their alti- 
tudes ; those having equal altitudes as their bases. For in the 
proportion above, if ^ = 6, or ^ = a, the equals can be caur 
celled from the second ratio (Pn. 21). )\^ 



THEOREM V. 

14* The area of a trapezoid U equal to half the product of tU 
altitude and the sum of its parallel sides. 



E C 




Let EF be the altitude of the trape- 
zoid A BCD; then the area oiABCD 
= \EFX(BC-\-AB). 

Draw the diagonal ^ 2> ; it will di- 
vide the trapezoid into two triangles, 
ABB^ BC B, having the same alti- 
tude EF a.s the trapezoid. 

By (11) the area of BCB = \EFX BC 

and the area of ABB = ^ EF X AB 

Therefore the area of the trapezoid z=.l EF X {BC-^AB). 

15* CorcUary, As (I. 66) the line joining the middle points 
of the sides AB and CB of the trapezoid = J (J5(7 + AB)^ 
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therefore the area of a trapezoid is equal to the product of its 
altitude and the line joining the middle points of the sides 
which are not parallel 



\ 



^^^ 



THEOREM VI. 




16* A line drawn parcUlel to one aide of a triangle divides the 
other sides proportionally. 

In the triangle ABO let DUhe drawn 
parallel to BC ; then 

AE:EC = AD:DB ^ 

Draw DC BXidBU; the triangles ADJS 
and ED Cf having the same vertex D, have 
the same altitude ; therefore (13) 

ADE:EDC = AE lEC 
And the triangles AD E and DEB, having the same vertex E^ 
have the same altitude; therefore (13) 

ADE :DEB—AD :DB 
But the triangles EDO and DEB are equivalent (11), since 
they have the same base D E and the same altitude, viz., the 
perpendicular distance between the two parallels DE and BG* 
Therefore (Pn. 11) AE:EC = AD :DB 



I7« Corollary. As 

AExEC 
by(Pn.l7) AE'.AE+EC 
that is AE :AC 

or(Pn. 16) AC\AE 



ADxDB 
AD.AD^DB 
AD \AB 
AB\AD 



THEOREM YII. 

CONVERSE OF THEOREM VI. 



18. A line dividing two sides of a triangle proportioTially is 
parallel to the third side of the triangle. 

In the triangle ABC i{ DE divides AB and AC ao that 
AE :EC = AD : 2> ^, then Z> ^ is parallel to ^ a 
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For if 2>^ is not parallel to BC, through 
D draw I) F parallel to BC', then (16) 

ADxDB — AF'.FC ^. 

But by hypothesis 

AD:DB = AE'.EO 
Therefore (Pn. 11) 

AF:FC=AE:EO 
or (Pn. 16) AF',AEz=iFC:EO 

But this proportion is absurd ; for ^ J^ is less than A E, while 
FCis greater than E ; therefore BE is parallel to BO, 




19* Definition, Similar Polygons are those which are mutu- 
ally equiangular, and have their homologous sides, that is, the 
sides including the corresponding angles, proportional 




i7-^ 



E 



D 




C 



THEOREM VIII. 

20* Tfvo triangles mvtvxdly equiangular are nmilar. 

In the two triangles ABO, 
DEF, let the angle A = D, 
B=zE, and C = F; then the 
triangles are similar. 

As the triangles are equian- 
gular, we have only to prove 
f\e homologous sides proportional. Cut off AG and A H equal . 
respectively to DE and DF, and join GH) the triangle AGH 
is equal to LEF (I. 40), and the angle AGHz=^Ei but 
E:=iB\ therefore AGHz=:iB, and GH is parallel to BC 

(I. 18); and (17) 

AB:AG = AO:AH 

or AB:DE—AC:DF 

In like manner it may be proved that 

AB:DE=BC:EF—AC :DF 

21 • Corollary. Two triangles whose sides are equally in- 
clined to each other are similar. For if one of the triangles is 
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turned through an angle equal to the angle of inclination of 
the sides, the sides of the triangles become respectively parallel ; 
they are therefore equiangular (I. 12) and similar (20). 



THEOREM IX. 

22« The aUUvdes of two similar triangles are proportional to 
the homologous sides. 

Let BG and j^iy be the alti- 
tudes of the similar triangles 
^J5C7 and DEF, then 

BG:EH = ABiDE = 
AC \DF=BG \EF 

For the two right triangles -^ G ^ ^ 

ABG, DEH are equiangular (I. 35), and similar (20) ; therefore 

BG\EH=AB:DEz=iAC :DF = BC \EF 





THEOREM X. 

2S« Two triangles having an angle of the one equal to an angle 
of the otheTf and the sides indnding these angles proportional^ are 
similar. 

In the triangles ^^C, DEF 
let the angle A=D and 

AB :DE=ACiDF 

then the tnangles ABG and 
DEF are similar. 

Cut off AG and -4 -S" re- 
spectively equal to D E and D F, and join G H\ the triangle 
A GH= DEF, and the angle A GH=E (I. 40). 

By hypothesis AB :DEz=zAO :DF 

or AB:AG = AG :AH 

that is^ the sides AB, AG are divided proportionally by the 
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line G H 'y therefore G If is parallel io B G (18), and the angle 
A GH = B (I. 18) ; but the angle AGE = F; therefore 
B =.E, and the two triangles are mutually equiangular and 
therefore similar (20). 



THEOREM XI. 

24t In a right triangle the perpendicular drawn from the ver- 
tex of the right angle to the hypothenuse divides the triangle into 
two triangles similar to the whole triangle and to each other. 

In the right triangle ABC if BD is b 

drawn from the vertex B of the right 
angle to the hypothenuse A (7, the two / 
triangles ABD, BCD are similar to ^Z- 
ABC and to each other. 

The two right triangles ABD and ABC have the acute an- 
gle A common ; they are therefore equiangular (I. 35), and simi- 
lar (20). The two right triangles ABC and BCD have the 
acute angle C conmion ; therefore they are equiangular and 
similar. The two triangles ABD and BCD, being each similar 
to ABCy are similar to each other. 

25. Cor. 1. Since ABC and ABD axo similar triangles 

AC :AB = AB:AD 

And since ABC and BCD are similar 

AC :CB = CB:CD 

that is, if in a right triangle a perpendicular is draton from the 
vertex of the right angle to the hypothenuse, either side about the 
right angle is a mean proportional between the whole hypothenuse 
and the adjacent segment. 

26* Cor. 2. Ab ABD and BCD are similar triangles 

AD:DB = DB:DC 
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that is, in a right triangle the perpendicular from the vertex of 
the right angle is a mean proportional between the segm^ntJi of the 
hypothenuse. 



\ 



THEOREM XII. 



27* The square described on the hypothenuse of a right triangle 
is equivalent to the sum of the squares described upon the other two 
sides. 

Let ABChQB. triangle right- 
angled at B ; then 

On the three sides construct 
squares, draw B D perpendicu- 
lar to A C, and produce it to 
FE] DC EL is. a rectangle 
whose area is (7) 

CEXCD=ACXCD 

The area of the square (9) 
BIKC = BG^ 

But (25) 

or ACXCD = BC 




AC :BC = BC '.CD 

■2 



that is, the square BIKC is equivalent to the rectangle DC EL, 
In the same way the square AG HB can be proved equivalent 
to the rectangle AD LF \ therefore the sum of the two rec- 
tangles, that is, the square AC EFv& equivalent to the sum of 
the squares BIKC and A GHB\ or 

AG^ = Tl?^'BC^ 
28* Corollary, Since 



a 



AG^ — T^^BC 



and 



BG 
BC 



= siAG^ — A^ 
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THEOREM XIII. 

29* Similar triangles are to each other as the squares of their 
homologotis sides. 

Let ABC and Z> HF be two 
similar triangles ; then 

ABC :I)EF=TC^ :DF^ 

Draw B G and Eff perpendic- 
ular respectively to AC and DF; 
then (22) 

BG\EH=AC \DF 
this multiplied by the proportion 

\AC \\LF=AC^ \DF 
gives \ACy,BQ\\BFy^ EH—AG^:DF'' 
h\xt \ AC XBG ]& the area of ^J5 (7, and \DFX FRia 
the area of DBF (11); therefore 

ABC :DFF=AG^ iBF.^ 




C D 





D a 




THEOREM XIV. 

30* Similar polygons can be divided into the sam>e number of 
similar triangles. 

Let ABC DBF emd « ^ 

GHIKLM be similar poly- 
gons ; they can be divided A 
into the same number of sim- 
ilar triangles. F E 

From the homologous angles A and G draw the diagonals 
ACy A D, AE^ GI, G K, and G L ; these diagonals divide the 
polygons as required. For, as the polygons are similar, the 6,n- 
gle B = H, Bind AB :GH=BC : HI; therefore the trian- 
gles ABC and G HI are similar (23), As the triangles ABC 
and GHI are similar, the angle BC A -=. HIG\ but the 
whole angle BCD = HIK\ therefore the angle ACDz=. GIK\ 
and as the triangles ABC and GHI are similar 
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BC \EI = AG \GI 
But BO :HI=CD:IK 

Therefore AG \GI=CD\IK 

and AG D and G IK are similar (23). In like manner it can 
be proved that the other triangles are similar each to each. 

THEOREM XV. 

31* The perimeters of similar polygons are to each other as the 
homologous sides ; and the pdygons as the squares of the homolo- 
gous sides. 

Let AB GB BF And B ^ h I 

^ZT/jff'ZJf be two similar /C^ n. /^^^^\ 

polygons. A\-^:z I \\' 1^ 

\ ^^-^ / \ "^^ / 
1st. Their perimeters are \ ^^-.^7 m 

to -each other as AB : GH F E 

For as the polygons are similar 

AB:GH=BG xHI=GD:IK,kQ. 
Therefore (Pn. 23) 

ABJ^BG+GD^kG. : GH + RI -{- IK,&c.=AB : Gff 
that is, the perimeters of ABGDBF &udG HIKL M are as 
ABxGH. 

2d. ABGDEF : GHIKLM=A^: GH^ 
From the homologous angles A and G draw the diagonals 
AG,AD,AE,GI,GK,K£AGL', the polygons will be divided 
into the same number of similar triangles (30) ; therefore (29) 

AB G : G H I =AG^ ilTl'' 

and AGB\GIK—'ag^\^I' 

Therefore ABG :GHI = AGD : GIK 

In Hke manner AGD :GIK=ADE:GKL 
and ABE.GKL = AEF \ GLM 

Hence (Pn. 23) 

ABG ^^ AGD ^ ABE ^ AEF '. GHI -^^ GIK ^ GKL ^ 

GLM=ABG :GHI 

But ABG\GHI=rAB^'.'GR^ 
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Therefore the Bums of the trianglesy that is, the polygons 
themselves, are to each other as the squares of the homologous 
sides. 

32* Definition. A Begolar Polygon is one that is both equi- 
angular and equilateral. 

THEOREM XVI. 
33* Regular polygom of the same number of sides are iimtlar. 

Let ABODE F ^nd y ^ ^ 

GHIKLMhe two reg- 
ular polygons of the 
same number of sides; 
they are similar. 

They are equiangular; p ^ 

for the sum of their angles is the same (I. 67) ; and each angle 
is equal to this siun divided by the number of angles which is 
the same. 

The homologous sides are proportional ; for as the polygons 
are regular, AB = BC= CD, Ac, and GE^=iHI=, IK, 
(fee, therefore ^JB : GH = BC : HI= CD : IK, Ac. 




THEOREM XVII. _ 

34, There is a point in a regular pdygon equidistant from its 
vertices^ and also equidistarU from its sides. 

Let ABODE F be a regular polygon. B G O 

Bisect the angles ^1 and ^ by ^ and /\ 

B 0, As the whole angles A and i5 are / \ 
each less than two right angles, the sum -^ . - - 

of ^ ^ and il ^ is less than two \ / 

right angles ; therefore A and BO can- \/_ 

not be paraUel (L 17), but will meet. ^ 



BOOK n. 43 

Suppose them to meet in the point ; then is equidistant 
from the vertices -4, B, Cy D, E, F, and B G C 

also firom the sides AB, BC, C D, &c. /\ 

Dr2LwOCyOD,OJE,OF. OA = OB / \ 

(I. 45). As B bisects the whole angle -d (• 

J5, the angle OBA = OBO; therefore \. /^\ / 
the triangle il ^ = ^ C7 (I. 40), and \/ \/ 

OC=OA = OB, In like manner it F E 

can be proved that OD=OE=OF=OA; that is, is 
equidistant from the vertices of the polygon. 

As the triangles GAB, OB Cj CJD, &c. are equal, their 
altitudes are equal, that is, the bases are equidistant from the 
vertex 0. 

35* Sckolium. is called the centre, and the perpendicular 
OG the apothem of the 'polygon, 

36* Corollary, In regular polygons of the same number of 
sides, the apothems are as the homologous sides ; therefore the 
perimeters of regular polygons of the same number of sides are as 
their apothems ; aiid the polygons as the squares of their apothems. 



THEOREM XYIII. 

87* The area of a regular polygon is equal to half the product 
of its perimeter and apothem. 

For the area of each triangle of which the polygon is com- 
posed is equal to half the product of its base and the apothem 
of the polygon (11) ; therefore the area of the polygon is equal 
to half the product of the sum of the bases, that is, its perim- 
eter and its apothem. 
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^ PRACTICAL QUESTIONS. 

1. What is the perimeter and the area of a rectangle 25 by 85 inches ! 

2. What is the area of a parallelogram whose base is 20 feet and altitude 
12 feet ? 

3. What is the area of a triangle whose base is 14 feet and altitude 8 
feet? 

4. What is the square surface of a board 15 feet long, and 16 inches wide 

at one end and 9 inches at the other ? What kind of a figure is it ? 2 Xb'O 

5. What integral numbers will express the sides and hypothenuse of a 
right triangle ? 5*- /^ _ ^^ — 

6. How far from a tower 40 feet high must the foot of a ladder 50 feet 
long be placed that it may exactly reach the top of the tower ? 3 ^ - 

7. The foot of a ladder 67 feet long stands 40 feet from a wall ; how 
much nearer the wall must the foot be placed that the ladder may reach 10 
feet higher ? ! \ . 

8. If a ladder 108 feet long, with its foot in the street, will reach on one 
side to a window 75 feet high, and on the other to a window 45 feet high, 
how wide is the street ? \ , ^ 

9. A has an acre of land one of whose sides is 20 rods in length ; B has 
a piece of land of exactly similar form containing 9 acres. What is the 
length of the corresponding side of B's ? 

16. What is the distance on the floor from one comer to the opposite 
comer of a rectangular room 16 by 24 feet ? ^V -f 

11. If the height of the above room is 10 feet, what is the distance 
from the lower comer to the opposite upper comer 1 jp, ^; f 

H . ^^ 

12. Find the length of the longest straight rod that can be put into a 

box whose inner dimensions are 12, 4, and 3. . ^ ' 

13. What is the altitude of an equilateral triangle whose side is 12 feet f y3j^ 

14. If the bases of two similar triangles are respectively 100 and 10 feet, 
how many triangles equal to the second are equivalent to the first ? 

15. How many times as much paint will it take to cover a church whose 
steeple is 120 feet in height as to cover an exact model of the church whose 
steeple is 10 feet in height ? 

16. What is the area of a right-angled triangle whose hypothenuse is 
125 feet and one of the sides 75 feet ? 
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EXERCISES. 

The following Theorems, depending for their demonstration upon 
those already demonstrated, are introduced as exercises for the pupil. 
In some of them references are made to the propositions upon which 
the demonstration depends. They are not connected with the prop- 
ositions in the following books, and can be omitted if thought best. 

•io D G E 

38« The square on the sum A o^ two straight 

lines AByBCis equivalent to the squares on AB 
and B (7, together with twice the rectangle 
AB.BC. 

Or, algebraically, if a=: AB, and h=z BC, 
(a+b)*=za* + 2ah + h* 



ab 62 




F I 
a^ 


H 

ab 




I B C 



It Corollary. The square on a line is four times the square on 
half of the line. 



K D 



G E 



E 



E 



C B 
G F 



40* The square on the difference AC oi 
two straight hues AB, BCis equivalent to the 
squares on AB and BC, diminished by twice 
the rectangle AB.BC. 

Or, algebraically, if a = ABy and b = BC, 
(a — by = a« — 2 a6 + &• 

41 • The rectangle contained by the sum and 
difference of two lines AB^B C is equivalent to 
the difference of their squares. 

Or, algebraically, Hf a=i AB and h=: BC 

(a + 6) (a — 6) = a« — 6« 
Produce ABso that BD z=BC. 

42 • Parallelograms are to each other as the products of their bases 
and altitudes. (10.) 

43* Parallelograms having equal bases are to each other as their 
altitudes; those having equal altitudes are as their bases. 

44* Where must a hne from the vertex be drawn to bisect a tri- 
angle ? (13.) 

45* Two or more lines parallel to the base of a triangle divide the 
other sides, or the other sides produced, proportionally. 







T 
XJ 


K I 




a 


A < 


1 
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46* Lines joining the middle points of the adjacent sides of a 
quadrilateral form a parallelogram ; and the perimeter of this paral- 
lelogram is equal to the sum of the diagonals of the quadrilateral 
, Draw the diagonals. (18.) 

47* Lines drawn from the vertex of a triangle divide the opposite 
side and a parallel to it proportionallj. 

48« State and prove the converse of 47. 

49* A B CD is a parallelogram ; E and F the middle points of 
A B and CD. BF and DE trisect the diagonal A C, 

50* If two triangles have two sides of the one equal respectively 
to two sides of the other, and the included angles supplementary, the 
triangles are equivalent. 

51* The diagonals divide a parallelogram into four equivalent tri- 
angles. Two triangles standing on opposite sides are equal. 

52* If the middle points of the sides of a triangle are joined, the 
area of the triangle thus formed is one fourth the area of the original 
triangle. 

53* Every line passing through the intersection of the diagonals 
of a parallelogram bisects the parallelogram. 

54* If a point within a parallelogram is joined to the vertices, the 
two triangles formed by the joining lines and two opposite sides are 
together equivalent to half the parallelogram. 

Through the point draw lines parallel to the sides of the parallelo- 
gram. 

55* State and prove the proposition if the point named in 54 is 
without the parallelogram. 

56* The area of a trapezoid is equal to twice the area of the tri- 
angle formed by joining the extremities of one non-parallel side to the 
middle point of the other. 

57* Two triangles are similar if two angles of the one are equal 
respectively to two angles of the other. 

58* Two triangles are similar if their homologous sides are pro- 
portionaL 
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59t Definition. When a point is taken on a given line, or a 
given line produced, the distances of the point from the extremities 
of the line are called the segments. If the point is within the given 
line, the sum of the segments, if in the line produced, the difference 
of the segments, is equal to the line. 



The line bisecting any angle, interior or exterior, divides the op- 
posite side into segments which are proportional to the adjacent sides. 
Let B be the bisected angle of a triangle ABC, Through 
draw a line parallel to the bisecting line and meeting A B, If the 
interior angle at J? is bisected, A B must be produced ; if the exterior 
angle, A C, In the latter case, if ^ is the point where the bisecting 
line meets A C7 produced, the segments of the base (59) are -4.J& and 
CE. (1.17.) (1.45.) (16.) 

61 Two triangles having an angle of the 
one equal to an angle in the other are to each 
other as the rectangles of the sides containing 
the equal angles ; or 

ABC:ADE=zABXAC:ADX AE 
J>n.w BE, (13.) (Pn. 24.) (Pn. 21.) 

62t Prove Theorem XII., first 
drawing G Cand BF) then prov- 
ing the triangles AGO and A BF 
equaL 

Turn the triangle A BF on the 
point J. in its own plane \^ AB 
coincides with A G\ where will 
-Fbe? (7,11.) 




Prove that '^ GH, KI, 
and LB^ in the figure above, are 
produced, they will meet in the 
same point 

640 Prove Theorem XII., first producing FA ix) GHj and pro- 
ducing GHj KIj and Z 5 till they meet 

65 1 Prove Theorem XII., first constructing the squares on oppo- 
site sides of AB and B C from that on which they are drawn in the 
figure in Art 62; moving the square A GHB on J.^, a distance 
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equal to ^ C in the direction BA ; then proving that these squares 

are divided into parts that can be made to coincide with the parts of 

the square on AC. 

B 

66* If J. is an acute angle of the triangle ABCf 
and BD is the perpendicular from B to AC, then 
B0*=^AB* + A0* — 2A0XAD 

67« If ^ is an obtuse angle of the triangle B 
ABC, and BD is the perpendicular from B 
to AG, then ^ 

BC* — AB* + AC* + 2ACXAD ^ 

680 Show that if the angle A becomes a right angle, both 66 
and 67 reduce to the same as 27 ; and if C becomes a right angle, 
both reduce to the same as the second equation in 28. 

690 If a line is drawn from the vertex of any angle of a triangle 
to the middle of the opposite side, the sum of the squares of the other 
two sides is equivalent to twice the square of the bisecting line to- 
gether with twice the square of a segment of the bisected side. 

Draw a perpendicular from the same vertex to the opposite side. 
(66, 67.) 

7O0 The sum of the squares of the four sides of a parallelogram is 
equivalent to the sum of the squares of the diagonals. (69.) (39.) 

71 In the figure in Art. 62 draw HI, KE, FO. The triangle 
ffIB is equal, and the triangles CKE, OAF 9x0 equivalent to A BG> 

72t The squares of the sides of a right triangle are as the seg- 
ments of the hypothenuse made by a perpendicular from the vertex 
of the right angle. 

73« The square of the hypothenuse is to the square of either side 
as the h3rpothenuse is to the segment adjacent to this side made by a 
perpendicular from the vertex of the right angle. 

74« The side of a square is to its diagonal as 1 : v^2; or the square 
described on the diagonal of a square is double the square itself 

75. (Converse of 30.) Two polygons composed of the same num- 
ber of similar triangles similarly situated are similar. 
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THE CIECLE. 

DEFINITIONS. 

1. A Circle is a plane figure bounded by a curved line called 
the drcumference, every point of which is equally distant from a 
point within called the centre ; 9>& ABB E. 

2« The Badins of a circle is a line 
drawn from the centre to the circum- 
ference ; as (7 i>. 

3« The Diameter of a circle is a line 
drawn through the centre and termi- 
nating at both ends in the circumfer- 
ence ; as ^ i>. 

4« CtyroUary, The radii of a cir- 
cle, or of equal circles, are equal ; also the diameters are equal, 
and each is equal to double the radius. 

5« An Arc is any part of the circumference ; &s AFB. 

6« A Chord is the straight line joining the ends of an arc | 
as ^ ^. 

7t A Seg^ment of a circle is the part of the circle cut off by 
a chord ; as the space included by the arc AF B and the chord 
AB. 

8« A Sector is the part of a circle included by two rad.ii and 
the intercepted arc ; as the space BCD. 

9« A Tangent (in geometry) is a line which touches, but 
does not, though produced, cut the circumference ; as & i>. 

3 D 
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A tangent is often considered as terminating at one end at 
the point of contact, at the other where it meets another tan- 
gent or a secant. 

10. A Secant (in geometry) is a Ime lying partly within and 
partly without a circle; as GE, 

A secant is generally considered as terminating at one end 
where it meets the concave circumference, and at the other 
where it meets another secant or a tangent. 



THEOREM I. 

!!• In the same circle, or equal circles, equal angles at the cen- 
tre are subtended by equal arcs ; and, conversely, equal arcs sub- 
tend equal angles at the centre. 

Let B and E be equal -4 jj 

angles at the centres of 
the two equal circles 
ACG and DFU-, then 
the arcs AC and DF 
are equal. 

Place the angle B on 
the angle E] as they are equal they will coincide ; and as ^^ 
and BC are equal to EB and E F, the point A will coincide 
with D, and the point C with F -, and the arc -4 C will coincide 
with D F, otherwise there would be points in the one or the 
other arc unequally distant from the centre. 

Conversely, If the arcs A C and D F are equal, the angles 
B and E are equal. 

For, if the radius AB i^ placed on the radius DE with the 
point B on E, the point A will fall on i), as ^ J5 = i> j^; and 
the arc A C will coincide with D F, otherwise there would be 
points in the one or the other arc unequally distant from the 
centre ; and as the arc ^ C' = i> F, the point C will fall on F-, 
therefore J5 C will coincide with E F, and the angle B be equal 
toE, 
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THEOREM II. 



12« In the same or equal circles, equal chords svhtend equal 
arcs ; and, conversely, equal arcs are subtended by eqiud chords, 

IjQtABC and 
D E F he two 
equal circles \ if 
the arcs AB and 
D E are equal, 
the chords A B 
and D E are 
equal ; and conversely, if the chords A B and D E are equal, 
the arcs A B and I) E sure equal 

For, if the centre of the circle ABC is placed on the centre 
of I) EF with the point A of the circumference on the point I), 
if the arcs or the chords are equal, B will fall on E; and in 
either case the chords and arcs will coincide, otherwise there 
would be points in the one or the other circumference unequally 
distant from the centre. 





THEOREM III. 



13« Angles at the centre vary as their corresponding arcs. 

Let A OB, DCE, EOF he equal an- II q 

gles at the centre C ', then the arcs A By 
BE, E Fare equal (11); then the an- 
gle ACE, being double the angle A CB, 
the arc ^ ^ is double the arc ^ i> ; and 
the angle AC F, being three times the 
angle AC B, the arc ^ -^ is three times 
the arc A B ; and the angle AC G, being m times the 
AC B, the arc AG \^ m times the arc A B ; that is, the 
varies as the arc, or the arc as the angle. 




angle 
angle 
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Ut Cor. 1. As angles at the centre vary as their arcs, or 
arcs as their corresponding angles, either of these quantities 
may be assumed as the measure of the other. The measure of 
an angle is, then, the arc included between its sides and described 
from its vertex as a centre. 

ISt Cor. 2. As the sum of all the angles about the point 
C is equal to four right angles (I. 9), one right angle, HC A, is 
measured by one quarter of the circumference, or by a quadrant. 



^ THEOREM IV. 

16* The radius perpendicular to a chord bisects the chord and 
the arc subtended by the chord. 

Let C E hQ 2k radius perpendicular to 
the chord ^ ^ ; it bisects the chord A B^ 
and also the arc A E B. 

Draw the radii G A and C B and the 
chords AE and E B. As equal oblique 
lines are equally distant from the perpen- 
dicular, AD=iDB {l.b2)', and as ^ is E 
a point in the perpendicular to the middle of A B, it is equally 
distant from A and B (I. 53) j therefore the chords and the arcs 
AEfEB are equal. 

17t Corollary. The perpendicular to the middle of a chord 
passes through the centre of the circle. 




DEFINITIONS. 

18« An Inscribed Angle is one whose vertex is in the circum- 
ference and whose sides are chords ; bsAB C in the outer circle. 

19i An Inscribed Polygon is one whose sides are chords. 
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Thus ABCDEF is inscribed in the outer circle. In this case 
the circle is said to be circumscribed 
about the polygon. 

20* A Circnmscribed Polygon is 

one whose sides are tangents. Thus 
ABC D E F\^ circumscribed about the 
inner circle. In this case the circle is 
said to be inscribed in the polygon. 





THEOREM V. 




21 • An inscribed angle is measured hy half the arc included hy 
its sides, 

1st. When one of the sides ^i> is a 
diameter ; then the angle B is measured 
by half the arc A D, Draw the radius 
G Ay and the triangle ACB is isosceles, 
C A and C B being radii ; therefore the 
angle A =i B (I. 42). But the exterior 
angle AC D is equal to the sum of the 
two angles A and jB (I. 39) ; therefore the 
angle A CD is equal to half the angle B; the angle A CD is 
measured by the arc AB (14) ; therefore the angle B is meas- 
ured by half the arc A B, 



2d. When the centre is within the 
angle, draw the diameter B C, By the 
preceding part of the proposition the an- 
gle ABC is measured by half the arc 
AC, and CBB by half CD; therefore 
ABC + CBB, or ABB, is measured 
by half A C-^CB, or half the arc A B. 




54 



PLANE GEOMETKY. 




3d. When the centre is without the 
angle, draw the diauieter B C, By the 
first part of the proposition the an- 
gle .1 U C is measured by half tlie arc 
A (?, and BBC by half DC; therefore 
ABC — DBO, or A B B, is measured 
I y half ^ C — i>(7, or half the arc A D. 

22. Cor. 1. All the angles ABC, 
ADC, inscribed in the same segment are 
equal ; for each is measured by half the 
arc A E C. 

23 • Cor. 2. Every angle inscribed in 
a semicircle is a right angle; for it is 
measured by half a semi-circumference, 
or by a quadrant (15). 

THEOREM VI. 
21 • Every equilateral polygon inscribed in a circle is regular. 

Let ABCDEF be an equilateral B . ^G 

polygon inscribed in a circle ; it is also 
equiangular and therefore regular. 

For the chords A B, BC, CD, ckc. 
being equal, the arcs A B, BC, CD, 
&c. are equal (12); therefore the arc 
AB -{- the arc B C will be equal to the 
arc BC '\- the arc CD, &c. ; that is, the angles B, C, <fec. are 
in equal segments ; therefore they are equal (22), and the poly- 
gon is equiangular and regular. 




THEOREM VII. 



2j» An infinitely small chord coincides mth its arc. 

Let ^ J5 be an infinitely small chord ; it coincides with the 
arc AD B. 
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Draw the diameter CD perpendicu- 
lar to the chord A B ; and draw A C 
and AD] CAD is a right-angled tri- 
angle (23) ; therefore (XL 26) 

CE'.AE=AE:ED 

that is, ED is the same part of AE that 
A E is of CE. But ^ ^ is half the infinitely small chord 
AE (16), and AB is infinitely small in comparison with CE; 
therefore ED is infinitely small in comparison with A E, that 
is, the point E is on D, and the chord A B coincides with the 
arc AD B. 

THEOREM VIII. 

26« A circle is a regular 'polygon of an infinite number of 
sides. 

If the circumference of a circle is divided into equal arcs, 
each infinitely small, the infinitely small chords of these arcs 
would form a regular polygon (24) of an infinite number of 
sides ; and as each chord would coincide with its arc (25), the 
polygon would be the circle itself. 

27. Scholium, It might be supposed that although the dif- 
ference between each chord and its arc is infinitesimal, yet as 
there is an infinite number of these differences their sum would 
not be infinitesimal and ought not to be neglected ; that is, 
that the perimeter of the polygon and the circumference of 
the circle differed by a finite quantity. But each chord is in- 
finitely small compared with the diameter of the circle, or is 

equal to -tt; and the difference between each chord and its 

arc is infinitely sinaller than the chord itself, or is equal to 

-=-7 ;r-r : and an infinite number of these difibrences is equal 

Inf. X Inf. 

to t;^-t — :r-i—. X Inf = -7-? J that is, the difference between the 
Inf. X Inf. ^ -^ Inf. 

perimeter of the polygon and the circumference of the circle is 
infinitesimal. 
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THEOREM IX. 

28* Circumferences of circles are to eajck other as their radii^ 
or as their diameters. 

For circles are regular polygons of an infinite number of sides 
(26) ; and if the circumferences of circles are divided into the 
same infinite number of arcs, the polygons formed by their 
chords, that is, the circles themselves, are regular polygons of 
the same number of sides* and are therefore similar (II. 33) j 
and the apothems of the polygons are the radii of the circles ; 
therefore the circumferences of the circles are as their radii 
(II. 36), or as twice their radii, that is, as their diameters. 

29« C(yr. 1. If (7 and c denote the circumferences, E and r 
the corresponding radii, and D and d the corresponding diame- 
ters, we have 

C \ e =R :r = D :d 

or C : E ^= c : r 

and C : D = c : d 

That is, the ratio of the circumference of every circle to its ra- 
dius or to its diameter is the same, that is, is constant. The 
constant ratio of the circumference to its diameter is denoted 
by jr (the Greek letter p). 



30. Cor. 2. 



C 

C = frD = 2vR 



THEOREM X. 



31 • The area of a circle is equal to half the product of its cir- 
cumference and its radius. 

The area of a regular polygon is half the product of its perim- 
eter and its apothem (II. 37) ; a circle is a regular polygon 
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of an infinite number of sides (26); the circumference of the 
circle is the perimeter of the polygon, and its radius is the 
apothem ; therefore the area of a circle is half the product of 
its circumference and its radius. 

33« Corollary, IfC = the circumference, D = the diame- 
ter, B = the radius, and A = the area of a circle, we have 

But (30) C=2v R = 'ir D 

Therefore A = ^X^ivRXR = irR^ 

or A = \^Dx^ = \icD^ 



THEOREM XI. 

SSt The side of a regvlar hexagon inscribed in a circle is egrual 
to the radius of the circle, 

. In the circle whose centre is C draw the 
chord A B equal to the radius ; ^ ^ is the 
side of a regular hexagon inscribed in a 
circle. 

Draw the radii CA and CB) CAB is 
an equilateral, and therefore an equiangu- 
lar triangle ; hence the angle C is equal to 
one third of two right angles, or one sixth of four right angles ; 
that is, the arc ^ -5 is one sixth of the whole circumference, 
or the chord AB the side of a regular hexagon inscribed in the 
circle (12 and 24). 

34 • Corollary, The chord of half the arc A B would be the 

side of a regular dodecagon ; the chord of one quarter of the 

arc A Bf the side of a regular polygon of twenty-four sides ; and 

so on. 

3* 
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PROPOSITION XII. 




PROBLEM. 

35 • The chord of an arc given to find tlie chord of half the arc. 

Let ^ ^ be the given chord, A D the 
chord of half the arc ADB^ and R denote 
the radius. 

Draw the diameter DF^ the radius AC, 
and the chord A F. The triangle ADF 
is right angled at A (23) ; then (XL 25) 

DF:AD = AD :DE 

Of ad^ = dfxi>f: = 2Rxi>e 

and AD = ^2 Ji X ^ F 

Now DE=zDC — CF = R—CE 

and (11. 28) 

therefore BE — R — njli'^ — AE^ 

Substituting this value oi D E m 

AD = yJiR X BE 
we have 

AB = ^2R^—2R)/R^ — A E^"^ 



CE = >/A C^ — A E' = )/R^ — AE^ 



36« Cor, 1, If (7 denote the given chord, c the chord of 
half the arc, the equation becomes 



= y 2 7^2 _ 2 7? Jr' — 
= ^2R^ —R^iR^ — ^^ 



4 



37. Cor, 2. If the diameter B, that is, 2 R, is unity, the 
equation in (36) becomes 
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PROPOSITION XIII. 
PROBLEM. 

880 To find the arithmetical value of the constant ir. 

From (30) C = 7rl> ; if /> = 1, this equation becomes (7 = ir. 
If then we can find the circumference of a circle whose diame- 
ter is unity, we shall have the value of ir. 

If the diameter is unity, radius is one half, and the side of a 
regular hexagon inscribed in the circle is one half (33), and the 
perimeter of the hexagon is 6 X J = 3. 

As the diameter is unity, and the side of the inscribed hexa- 
gon one half, we can find the side of the regular inscribed dodec- 
agon from the equation in (37) : 

= Vi - i V."75 
= V.5 _ .433 

= \/:067 = .2588+ 

The perimeter of the inscribed dodecagon is therefore 
12 X .2588+ = 3.105-I-. 

By using the side of the dodecagon = .2588-|-, as C, or 
.067 = C% from the same equation we can find the side of a 
regular inscribed polygon of twenty-four sides : 

c = Vi - i Vn=r()67 
= Vi - J V^:933 

= V.5 — .483 

==V.0T7 = .13038 

The perimeter of the inscribed polygon of twenty-four sides is 
therefore 24 X .13038 = 3.129. 

By continuing this process we approximate "^0 +':e circumfer- 
ence, that is, to the value of ir. 
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39* Scholium, By other more expeditious methods the value 
of w has been found accurately to two hundred and fifty places 
of decimals. For t)ractical purposes it is sufficiently accurate 
to call IT = 3.14159. 



PRACTICAL QUESTIONS. 

1. What is the circumference of a circle whose radius is 10 feet ? 

2. What is the diameter of a circle whose circumference is 57 rods ? 

3. What is the area of a circle whose radius is 40 feet ? 

4. What is the area of a circle whose circumference is 18 inches ? 

5. What is the circumference t>f a eircle whose area is 116 square feet ? 

6. The radii of two concentric circles are 40 and 54 feet ; what is the 
area of the space bounded by their circumferences ? 

7. A has a circular lot of land whose diameter is 95 rods, and B a simi- 
lar lot whose area is 750 square rods ; compare these lots. 

8. What is the difference between the perimeters of two lots of land each 
containing an acre, if one is a square and the other a circle I 

9. What is the area of a square inscribed in a circle whose area is a 
square metre ? 

10. What is ^e area of a regular hexagon inscribed in a circle whose 
area is 567 squ^ feet. 

11. If a rope an inch in diameter will support 1,000 pounds, what must 
be the diameter of a rope of like material to support 4,000 poimds ? 

12. If a pipe an inch in diameter will fill a cistern in 25 minutes, how 
long will it take a pipe 5 inches in diameter ? 

13. If a pipe an inch in diameter will empty a cistern in an hour, how 
long Will it take this pipe to empty the cistern if there is another pipe one 
third of an inch in diameter through which the fluid runs in ? 

Ans. 67i minutes. 

14. If a pipe 3 inches in diameter will empty a cistern in 3 hours, how 
long will it take the pipe to empty the cistern if there are 3 other pipes 
each an inch, in diameter through which the fluid runs in. 

Ans. 4^ hours. 
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EXERCISES. 

The following Theorems, depending for their demonstration upon 
those already demonstrated, are introduced as exercises for the pupil. 
In some of them references are made to the propositions upon which 
the demonstration depends. They are not connected with the prop- 
ositions in the following books, and can be omitted if thought best. 

40* Every diameter bisects the circle and the circumference. 

41 • A straight line can meet the circumference of a circle in only 
two points. (4.) (I. 51.) 

42« The diameter is greater than any other chord of the circle. 

43* In the same or equal circles, when 
the sum of the arcs is less than a circumfer- 
ence, the greater arc is subtended by the 
greater chord; and, conversely, the greater Aj 
chord is subtended by the greater arc. 

Draw A C. (21.) (I. 47.) 

What is the case when the sum of the arcs 
is greater than a circumference ? 

44« Equal chords are equally distant from the centre ; and of two 
unequal chords the greater is nearer the centime. 

45 1 The shortest and the longest line that can be drawn from any 
point to a given circumference lies on the line that passes from the 
point to the centre of the circle. 

460 Two parallels cutting the circumference of a circle intercept 
equal arcs. 

47« A straight line perpendicular to a 
diameter at its extremity is a tangent to the 
circumference. 

Draw CB. (I. 51.) 

48» The lines joining the extremities of 
two diameters are parallel 

49* If the extremities of two chords are joined, the triangles thus 
formed are similar. 
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50t If two circumferences cut each other, the chord which joins 
their points of intersection is bisected at right angles by the line join- 
ing their centres. (17.) 

51* If two circumferences touch each other, their centres and 
point of contact are in the same straight line, perpendicular to the 
tangent at the point of contact. (47.) 

52c The distance between the centres of two circles whose cir- 
cumferences cut one another, is less than the sum, but greater than 
the difference, of their radii. 

53c Every angle inscribed in a segment greater than a semicircle 
is acute ; and every angle inscribed in a segment less than a semicir- 
cle is obtuse. (21.) 

54c The angle made by a tangent and a 
chord is measured by half the included arc. 
Draw the diameter A B. (47.) (21.) 

55c The angle formed by tv/o chords cut- A\ 
ting each other within the circle is measured 
by half the sum of the intercepted arcs. 

Join BC (in lower figure). (21.) 

56c By moving the point of intersection 
of the two chords, show that (14) and (21) 
can be deduced from (55). 

57c The segments of two chords cutting 
each other within a circle are reciprocally 
proportional. 

Join AD, BC. (21.) (11.20.) 

58c The opposite angles of a quadrilateral inscribed in a circle are 
supplementary. (21.) 

59c A quadrilateral whose opposite angles are supplementary, and 
no other, can be inscribed in a circle. 

60c Circles are as the squares of their radii, or diameters, or cir- 
cumferences. (32.) 

61c The area of a sector is equal to half the product of its arc by 
the radius of the circle. (31.) 
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62t Show how to find the area of a segment of a circle. 

63 • The area of a circumscribed polygon is equal to half the pro- 
duct of its perimeter by the radius of the circle. 

64 • A tangent is a mean proportional 
between a secant drawn from the same 
point and the part of the secant without 
circle. 

Join AD, DC, (54 ; 21.) (II. 57.) 

65t The angle formed by two secants, 
two tangents, or a secant and a tangent 
cutting each other witliout the circle, is 
measured by half the difference of the in- 
tercepted arcs. 

Join CR (1. 39.) (21.) 

66* By moving the point of intersec- 
tion, show that (21) can be deduced from 
(65). Show also that (46) can be deduced 
from (65). 

67« Two secants drawn from the same 
point are to each other inversely as the 
parts of the secants without the circle. 

Join CF, D a, (21.) (II. 57.) 

68i Two tangents drawn to a circumference from the same point 
without this circumference are equal. 
Join^^. Figure in (66.) (54.) 

69* A perpendicular from a circumference 
to the diameter is a mean proportional be- 
tween the segments of the diameter. 

Join AB,Ba (23.) (II. 26.) 

70i If from one end of a chord a diame- 
ter is drawn, and from the other end a per- 
pendicular to this diameter, the chord is a mean proportional be- 
tween the diameter and the adjacent segment of the diameter. 

Join^^ (23.) (11.25.) 

71 • The sum of the opposite sides of a circumscribed quadrilat- 
eral is equal to the sum of the other two sides. (68.) 
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GEOMETRY OF SPACE. 
PLANES AND THEIR ANGLES. 

DEFmrnoNS. 

1. A straight line is perpendicular to a plane when it is per- 
pendicular to every straight line of the plane which it meets. 

Conversely, the plane, in this case, is perpendicular to the 
line. 

The foot of the perpendicular is the point in which it meets 
the plane. 

2« A line and a plane are parallel when they cannot meet 
though produced indefinitely. 

3« Two planes are parallel when they cannot meet though 
produced indefinitely. 

THEOREM I. 

4t A plane is determined, 

Ist. By a straight line and a point itnthout that line; 

2d. Bi/ three points not in the same straight lifie ; 

3d. By two intersecting straight lines, 

• 

Ist. Let the plane MN', pass- j^ 
ing through the line AB, turn 
upon this line as an axis until it 
contains the point C; the posi- 
tion of the plane is evidently de- 
termined; for if it is turned in 
either direction it will no longer contain the point C 
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2(1. If three points. A, B, (7, not in the same straight line 
are given, any two of them, as A and By may be joined by a 
straight line ; then this is the same as the 1st case. 

3d. If two intersecting lines AB, AC are given, any point, 
Cy out of the line A B can be taken in the line A C ; then the 
plane passing through the line A B and the point C contains 
the two lines A B and A (7, and is determined by them. 

5« Corollary, The intersection of two planes is a straight 
line ; for the intersection cannot contain three points not in the 
same straight line, since only one plane can contain three such 
points. 



THEOREM II. 

6* Oblique lines from a point to a plane equally distant fr<ym 
the perpendicular are equal ; and of two oblique lines unequally 
distant from the perpendicvlary the more remote is the greater. 

Let AC, AD be oblique lines -<^ 

drawn to the plane Jf iV at equal 
distances from the perpendicular 
AB: M 

1st. AC = AJD 'y for the trian- 
gles ABCy ABB are equal (I. 40). 

2d. Let AF he more remote. 
From BF cut oflf BB = BD 
and draw AB; then AF ^ AB 
(L 51); SindAB = AD = AC; therefore AF > A I) or AC. 

7« Cor, 1. Conversely, equal oblique lines from a point to a 
plane are equally distant from the perpendicular; therefore 
they meet the plane in the circumference of a circle whose cen- 
tre is the foot of the perpendicular. Of two imequal lines the 
greater is more remote from the perpendicular. 

8t Cor, 2. The perpendicular is the shortest distance from 
a point to a plane. 
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THEOREM III. 

9t The intersections of tim parallel planes with a third pUzjie 
are parallel. 

Let A B and C D he the intersec- 
tions of the plane A D with the paral- 
lel planes MN and PQ\ then AB 
and CD are parallel. 

For the lines AB and CD cannot 
meet though produced indefinitely, 
since the planes MN and PQ m which 
they are cannot meet ; and they are in 
the same plane A D ; therefore they are parallel. 

10* Corollary, Parallels intercepted between parallel planes 
are equal. For the opposite sides of the quadrilateral A D be- 
ing parallel, the figure is a parallelogram ; therefore AC=-BD. 




N 



THEOREM IV. 

lit If two angles not in the same plane have their sides paral- 
lel and similarly situated^ the angles are equal and their planes 
parallel. 

Let ABC and DEF he two angles j^ 
in the planes MN and PQ^ having 
their sides A B, BC respectively paral- 
lel to D E, E Fy and similarly situated ; 
then 

1st. The angles ABC ^mdiD E F kvq 
equal. For, taking ED =z B A, and 
EF=BC, and drawing AC,DF,AD^ 
B E, and C F^ the quadrilaterals A E 
and B F are parallelograms, since A B and B C are respectively 
equal and parallel to D E and EF; therefore A D and C F, 
being each equal and parallel to B Ey are equal and parallel to 
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each other ; and therefore A F ib & par- j^ 
allelogram, and A C is equal to jDF; 
therefore the two triangles ABC and 
£> FF, being mutually equilateral, are 
mutually equiangular, and the angles 
ABC and DEF are equal. 

2d. The planes of these angles are 
parallel. For, since two intersecting 
lines determine a plane, the plane of 

the lines A B and B C must be parallel to the plane of the 
lines DE and EFy aj6 AB and B C are respectively parallel to 
BEsLudEF. 




THEOREM V. 

12i If two straight lines are cut by parallel planes, they are 
divided proportionally. 

Let A B and C I) he cut by the parallel ^ 
planes J/iV^, FQ, and B S, in the points 
A, E, By and C, F, D; then 

AE :EB = CF:FD 

For, drawing A D meeting the plane F Q 
in Gy the plane of the lines A B and A D 
cuts the parallel planes FQ and BS in 
EG axidBD; therefore E G and B D are 
parallel (9), and we have (II. 16) 

AE '.EB = AG \GD 

The plane of the lines A D and CD cuts the parallel planes 
MN and FQ'mAC and GF\ therefore AC\& parallel to G F -, 
and we have 

AG\GD = CF\FD 

Hence we have (Pn. 1 1) 

AE\EB — CF \FD 
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EXERCISES. 

The following Theorems, depending for their demonstration upon 
those already demonstrated, are introduced as exercises for the pupil. 
In some of them references are made to the propositions upon which 
the demonstration depends. They are not connected with the prop- 
ositions in the following books, and can be omitted if thought best. 

13t An infinite number of planes can pass through a given 
line. (4.) 

14c There can be but one perpendicular from a point to a plane. 

15 • A line perpendicular to each of two lines at their point of 
intersection is perpendicular to the plane of these lines. (4.) (I. 76.) 

16« Parallel lines are equally inclined to the same plane. 

17« State the converse of (16). Is it true? 

18* Lines parallel to a line in a given plane are parallel to the 
plane. 

19* State the converse of (18). Is it true ? 

20t Parallel planes are equally inclined to the same straight line. 

21 • State the converse of (20). Is it true? 

22« Parallel lines included between parallel planes are equaL 
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DEFINITIONS. 



1« A Polyedron is a solid bouuded by planes. 

The bounding planes are called faces ; their intersections, 
edges ; the intersections of the edges, vertices. 

it The Volume of a solid is the measure of its magnitude. 
It is expressed in units which represent the number of times it 
contains the cubical unit taken as a standard. 

3t Equivalent Solids are those which are equal in volume. 

4. Similar Solids are those whose homologous lines have a 
constant ratio. (Corollary.) It follows that similar solids are 
bounded by the same number of similar polygons similarly 
situated* 



PRISMS AND CYLINDERS. 

5* A Prism is a polyedron two of whose faces 
'are equal polygons having their homologous sides 
parallel. (Corollary.) The other faces are par- 
allelograms. 

The equal parallel polygons are called bases; 
9i& AB and CD. 

6« The Altitude of a prism is the perpendic* 
ular distance between its bases; as E F. 




70 



SOLID GEOMETRY. 



7* A Bight Prism is one whose other faces are 
perpendicular to its bases. (Corollary.) Its lateral 
faces are rectangles. 

8« A prism is called triangular^ quadrangular, or 
pentagonal, according as its base is a triangle, a 
quadrangle, or a pentagon ; and so on. 




9« A Parallelopiped is a prism whose bases are 
parallelograms. (Corollary,) It follows that all its 
faces are parallelograms. 

lOt A Bight Parallelopiped has all its faces rec- 
tangles. 

11. A Cobe is a parallelopiped whose faces are 
all squares. (Corollary.) It follows that its faces 
are all equal, and the parallelopiped right. 

12* A Cylinder is a right prism whose parallel 
faces are regular polygons of an infinite number of 
sides, that is, whose parallel faces are circles. A 
cylinder can be described by the revolution of a rec- 
tangle about one of its sides which remains fixed. 
The side opposite the fixed side describes the convex 
surface, and the other two sides the two circular 
bases. Thus the rectangle ABC D revolving about 
B C would describe the cylinder, the side A D the 
convex surface, and AB, DC the circular bases. 
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13* The Axis of a cylinder is the straight line joining the 
centres of the two bases ; or it is the fixed side of the rectangle 
whose revolution describes the cylinder ; as i? (7. 
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THEOREM I. 

Ill The convex surface of a right prism is equal to the perime- 
ter of its base multiplied by its altitude, • 

Let AHhe fn right prism; its convex surface 
is equal to FG'\-GH-\- HI-\-IK-\-KF 
multiplied by its altitude A F, 

For the convex surface is equal to the sum 
of the rectangles AG, BH, CI, &c. The area 
of the rectangle AG-=iFG X AF\ the area 
of BH—GHy^BG', of CI — UIy^GH\ 
and so on. But the edges AF, BG, C H, &c. 
are equal to each other and to the altitude of the prism ; and 
the bases of these rectangles together form the perimeter of the 
prism. Therefore the sum of these rectangles, that is, the con- 
vex surface of the right prism, is equal to the perimeter of its 
base multiplied by its altitude. 

15t Corollary. As a cylinder is a right prism 
(12), this demonstration includes the cylinder. If, 
then, R == the radius of the base, and A = the alti- 
tude of a cylinder, the convex surface = 2 «■ RA, 





-7-—-, 




THEOREM II. 

16* The sections of a prism made by parallel planes are equal 
polygons. 

Let the prism AH he intersected by the par- a 
allel planes LN and ^aS'; then LN and QS 
are equal polygons. For LM, MN, NO, &c. 
are respectively parallel to Q R, RS, ST^ <fec. 
(IV. 9), and similarly situated; therefore the 
angles L, M, iV, 0, P are respectively equal to 
the angles Q, R, S, T, U (IV, II) ; and the 
polygons LN and ^aS' are mutually equiangu- 
lar. Also the sides LM, Jf AT, NO, &c. are 
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respectively equal to QE, ES, ST, &c. (I. 62). Therefore 
the polygons, being mutually equiangular and equilateral, are 
equal (XL 6). 

17* Cor, 1. A section made by a plane parallel to the base 
is equal to the base. 

18* Car. 2. A section of a cylinder made by a plane paral- 
lel to the base is a circle equal to the base. 



THEOREM III. 

19* Prisms having equivalent bases and equal altitudes are 
equivalent. 

Let A C and Fff be two prisms 
having equal altitudes and their 
bases BC, GH equivalent ; the 
prisms are equivalent. 

Let D E and /JT be sections 
made by planes respectively par- 
allel to the bases B C and GH] 
these sections are respectively 
equal to the bases (17); there- B[ 
fore the section DE v& equivalent 
to /JT, at whatever distance from 

the base either may be. If, therefore, the planes of these sec- 
tions move, remaining always parallel to the bases, as the sec- 
tions will always be equivalent, it is evident that in moving 
over an equal length of altitude the sections will move over 
equal volumes ; therefore, as the altitudes are equal, the prisms 
are equivalent. 

20« C(yrollary. Any prism is therefore equivalent to a right 
prism having an equivalent base and an equal altitude. 
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THEOREM IT. 



f- 



' rr ■*" T^ -r 1 — - * 



A^J-. 



21* The volume of a right paraUehpiped is equal to the prod- 
uct of its three dimensions. 

Let A I) he the right parallelopiped ; then its volume is equal 
to BG XBEXB A. Suppose BF, the 
linear unit, is contained mBC four times, 
in BE five times, and in BA seven times ; 
then dividing B C, BE, BA respectively 
into four, five, and seven equal parts, and 
passing planes through the several points 
of division parallel to the sides of the par- 
allelopiped, there will be formed a number 
of cubes equal to each other (19), and 
each equal to the cube whose edge is the linear unit. It is evi- 
dent also that the whole number of cubes is equal to the prod- 
uct of the three dimensions, or 4 X 5 X 7 = 140. This dem- 
onstration is applicable, whatever the number of units in the 
linear dimensions may be. Therefore the volume of a right 
parallelopiped is equal to the product of its three dimensions. 



B 



B F 



E 



22. Scholium, If the three dimensions are incommensur- 
able, the linear unit can be taken infinitely small, that is, so 
small that the remainder will be infinitesimal and can be neg- 
lected. 

23* Cor. 1. As the base is equal to BC X B E, the volume 
of a right parallelopiped is equal to the product of its base by 
its altitude. 

21 • Car. 2. The volume of a cube is equal to the cube of 
its edge. 



4« 
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THEOREM V. 

25* Tlie volume of any prism is equal to ike product of its base 
by its altitude. 

For any prism is equivalent to a right parallelopiped, having 
an equivalent base and the same altitude (20) ; and the volume 
of the equivalent right parallelopiped is equal to the product of 
its base by its altitude ; therefore the volume of any prism is 
equal to the product of its base by its altitude. 

26« Corollary. As a cylinder is a right prism, this demon- 
stration includes the cylinder. If, therefore, B = the radius of 
base, A = the altitude, and V = the volume of a cylinder. 



THEOREM VI. 

27* Similar prism* are a* the cubes of their hom^ologous lines. 

Let AD and Hff be similar 
prisms whose altitudes ate IE and 
My. Let V represent the vol- 
ume of A Df and v the volume of 
£11; then 

r:v = IK*: MN*=zAC* : EG* 
z= CO* : GF* 

For (25) r=Cl)XlE: and 
v=Gff X MN, therefore 
V:v=GDXlK'.GHxMN 

But(IL 31) GBxGH—CO' 

and (4) IKiMN—GO 

Multiplying the last two proportions together we have 

(JDXiKiGHX MN=CO* : GF* 
therefore (Pn. 11) r:v = CO*:GF* 

But in similar solids homologous lines have a constant ratio 
(4) ; therefore F : v as the cubes of any homologous lines. 




GF^ 
GF 
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PYRAMIDS AND CONES. 




DEFINITIONS. 

28« A F3rraiiiid is a polyedron bounded by a polygon called 
the base, and by triangular planes meeting at a common point 
called the vertex. 

29« A pyramid is called triangular, quad- -^ 

rangular, pejUagoTudy according as its base 
is a triangle, a quadrangle, or a pentagon ; 
and so on. 

80* The AltLtnde of a pyramid is the 
perpendicular distance from its vertex to 
its base ; as ^ ^. 

31 • A Bight P3rra]nid is one whose base 
is a regular polygon and in which the per- 
pendicular from the vertex passes through the centre of the base. 

32. The Slant Height of a right pyramid is the perpendicu- 
lar distance from the vertex to the base of any one of its lateral 
faces } Bs AC, 

33 • A Cone is a right pyramid whose 
base is a regular polygon of an infinite 
number of sides, that is, whose base is a 
circle. A cone can be described by the rev- 
olution of a right triangle about one of its 
sides which remains fixed. The other side 
describes the circular base, and the hypoth- 
enuse the convex surface. Thus the right 
triangle ABC revolving about A B would 
describe the cone, B C the base, and the hypothenfise A C the 
convex surface. 

34* The Axis of a cone is the line from the vertex to the 
centre of the base ; or it is the fixed side of the right triangle 
whose revolution describes the cone ; as ^ ^. 




76 



SOLID GEOMETRY. 



35 • Corollary, The axis of a cone is perpendicular to the 
base, and is therefore the altitude of the cone. 

36* A Frustmn of a pyramid is a part of 
the pyramid included between the base and 
a plane cutting the pyramid parallel to the 
base ; Q& JDK 

37 • The Altitude of a frustum is the per- 
pendicular distance between the two parallel planes or bases ; 

38* The Slant Height of a frustum of a right pyramid is 
the perpendicular distance between the parallel edges of the 
bases ; b& GC. 




THEOREM yil. 

89. If o> pyramid is cut by a plane parallel to its base, 
1 St. The edges and altitude are divided proportio^iaUy ; 
2d. The section is a polygon similar to the base. 

Let A-BCBUFhe a pyramid whose al- A 

titude is A Ny cut by a plane G I parallel 
to the base ; then 

1st. The edges and the altitude are di- 
vided proportionally. 

For suppose a plane passed through the 
vertex A parallel to the base; then the 
edges and altitude, being cut by three 
parallel planes, are divided proportion- 
ally (IV. 12), and we have 

AB'.AG = AC .AH=AD :AI=AN':AM 

2d. The section 6^/ is similar to the base BB, 
For the sides of GI are respectively parallel to the sides of 
BD (IV. 9), and similarly situated; therefore the polygons Gly 
BD are mutually equiangular. Also, as GL is parallel to BF^ 
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and LK to FE^ the triangles ABF and AGLvx^ similar, and 
the triangles AFE and ALK ; therefore 

G L : B F = A L : A F, SLud LK : FF z= AL : AF 

Therefore GL : BF=LK: FE 

In the same manner we should find 

LK:FE = KI:ED=iIH:DC,kQ. 

Therefore the polygons GI and BD are similar (II. 19). 

40i Corollary, A section of a cone made by a plane parallel 
to the base is a circle. 

THEOREM VIII. 

41 1 The convex surface of a right pyramid is equal to the 
perimeter of its hose multiplied by half its slant height. 

Let -4-5 CD EF be a right pyramid whose 
slant height is -4 ^ ; its convex surface is 
equal to BG -\-C D '\- D E -^ E F -\- F B 
multiplied by half of A H. 

The edges AB, AC, AD, AE,AF, be- 
ing equally distant from the perpendicular 
A N (II. 34), are equal (IV. 6) ; and the 
bases BC, CD, D E, <fec. are equal; there- 
fore the isosceles triangles ABC, AC D, 
AD E, &c. are all equal (I. 48) ; and their 
altitudes are equal. The area of ^ 5 (7 is 7? (7 X ^ -4 ^ (II. 1 1 ) ; 
of AC DisCDX ^Aff; and so on. Therefore the sum of the 
areas of these triangles, that is, the convex surface of the right 
pyramid, is {B C -^ CD + D E -{- E F + FB) )^AH. 

42 1 Corollary. As a cone is a right pyramid (33), this dem- 
onstration includes the cone. If, therefore, R = the radius of 
the base, and aS' = the slant height of a cone, 

its convex surface = 27rE^S=7rRS 

If a plane parallel to the base and bisecting the altitude be 
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drawn, as the section will be a circle (40) with a radius and cir* 
cumference one half the radius and circumference of the base^ 
therefore, if r' = the radius of this section, 

the convex surface = 2irr' S 



»• 




THEOREM IX. 

43« The convex surface of a frustum of a right pyramid, is 
equal to the 9um of the perimeter of its two bases multiplied by 
half its slant height. 

Let ^ i> be the frustum of a right pyra- 
mid ; its convex surface is equal to ^ ^ 4" 
HI-^IK-^KL^LG+BC-^CD 
-f i> J^ -f EF + FB multiplied by half 
MN. 

The lateral faces of a frustum of a right 
pyramid are equal trapezoids (39 ; II. 6) ; 
and their altitudes are all equal. The area of GC (II. 14) is 

(GH+BC) X h^^'y of ^^ is (HI + CD) X i^^; 
and so on. Therefore the sum of the areas of these trapezoids, 
that is, the convex surface of the frustum of the right pyra- 
mid, is GH-^-HI-^IK+KL-^-LG +BC+CD + 
BF-^FF+FB multiplied by half MI^. 

44« Cor. 1. If the frustum is cut by a plane parallel to its 
two bases, and at equal distances from each base, this plane 
will bisect the edges GB, ffC, IB, &c. (39) ; and the area of 
each trapezoid is equal to its altitude multiplied by the line 
joining the middle points of the sides which are not parallel 
(II. 15). Therefore the convex surface of a frustum of a right 
pyramid is equal to the perimeter of a section midway between 
the bases multiplied by its slant height 

45 1 C(yr, 2. As a cone is a right pyramid (33), this demon- 
stration includes the frustum of a cone. If, therefore, B and 
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r = the radii of the two bases of the frustum of a right cone, 
and S = its slant height, 

its convex surface == {^ v R •\' ^ vr) \ S •=> (^ B, •\"k r) S 

If / = the radius of a section midway between and parallel 

to the bases, 

the convex surface = 2irr' S 



L M — n 



THEOREM X. 

46« If two pyramids Jiaving equal aUitvdes are cut hy plafies 
parallel to their bases and ai equal distances from their vertices^ the 
sections are to each other as their bases. 

Let A-BOBEF and 
G—HIK be two pyra- 
mids of equal altitudes 
AT, GWy cut by the 
planes L MN P and 
Qi^/S' parallel respectively 
to the bases and at equal 
distances from the vertices 
A and G, then 

LMNOP:QRS = BCDEF'.niK 
For as the polygons LMNOP and BGDEF are similar (39) 

LMNOPiBGDEF = lP:BT = aV:IF=IV^iAT^ 
In like manner 

QRS: HIK= 'gT \'GW^ 
^\A aA AY z=:i GY keA AT — GW 
thereK)i*6 

LMNOP :BGDEF=QRS:HIK 

or (Pn. 15) 

LMNOP :QRS=BCDEF:HIK 

47« Corollary, If two pyramids have equal altitudes and 
equivalent bases, sections made by planes parallel to their bases 
and at equal distances from their vertices are equivalent. 
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THEOREM XI. 

48» Pyramids having equivalent hawses and the same altitude 
are equivalent. 

TjQtA-BGDEF and 
G-HIK be pyramids 
having equivalent bases 
and equal altitudes ; then 
the two pyramids are 
equivalent. 

For, if at equal dis- 
tancjes from the vertex 
sections are formed by 
planes parallel respective- 
ly to their bases, these sections are equivalent (47). If now the 
planes forming these sections be supposed to move, remaining 
always parallel to the bases, and each keeping the same distance 
from the vertex as the other, these sections, always being equiv- 
alent to each other, will move over equal volumes ; therefore, as 
the altitudes are equal, the pyramids must be equivalent. 




THEOREM XII. 

49« A triangular pyramid is one third of a triangular prism 
of the same hose arid altitude. 

Let C-D E Fhe a triangular pyramid and 
ABC-D E F he a triangular prism on the 
same base DEF\ then C-D E F is one 
ihxrdio^ A BC-DEF. 

Taking away the pyramid C-D E F there 
remains the quadrangular pyramid whose ver- 
tex is C and base the parallelogram ABED. 
Through the points A, (7, E pass a plane ; it 
will divide the pyramid C-A BED into two triangular pyra- 
mids, which are equivalent to each other (48), since their bases 
are halves of the parallelogram ABED^ and they have the 
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same altitude, the perpendicular from their vertex C to the 
base ABED, But the pyramid C-A B E, that is, E-A B O, 
is equivalent to the pyramid C-DEF, as they have equal 
bases ABC and D E F^ and the same altitude (48). Therefore 
the three pyramids are equivalent and the given pyramid is one 
third of the prism. 

50i Corollary, The volume of a triangular pyramid is equal 
to one third the product of its base by its altitude. 

THEOREM XIII. 

51* The volume of any pyramid w equal to one third of the 
product of its base by its altitude. 

Let A-BCDE F be any pyramid; its . 

volume is equal to one third the product of j^ 

its base BCDEFhj its altitude AK I 

Planes passing through the vertex A and / 

the diagonals of the base B D, B E^ will • / 
divide the pyramid into triangular pyramids / I 
whose bases together compose the base of -^^CJ 
the given pyramid and which have as their \ /^^-^r \"~!^'^ 

common altitude A N, the altitude of the p ^^ 

given pyramid. The volume of the given 
pyramid is equal to the sum of the volumes of the several tri- 
angular pyramids, which is equal to one third of the sum of 
their bases multiplied by their common altitude; that is, is 
equal to one third of the product of the base BCD FE by the 
altitude A N, 

52* C(yr, 1. As a cone is a right pyramid (33), this demon- 
stration includes the cone. A cone, therefore, is one third of a 
cylinder, or of any pyramid, of equivalent base and the same 
altitude. If ^ = radius of the base, A = the altitude, and 
V = the volume of a cone, V = ^n B!^A, 

53* Cor. 2. The ratio of similar pyramids to one another is 
the same as that of similar prisms ; that is, as the cubes of 
homologous lines. 
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THE SPHERE. 

DEFINinON& 

54» A Sphere is a solid bounded by a curved surface, of 
which every point is equally distant from a point within called 
the centre. A sphere can be described by the revolution of a 
semicircle about its diameter, which remains fixed. 

55* The Badins of a sphere is the straight line from the cen- 
tre to any point of the siufetce. 

56» The INameter of a sphere is a straight line passing 
through the centre and terminating at either end at the surface. 

57* Corollary. All the radii of a sphere are equal ; all the 
diameters are equal, and each is double the radius. 

THEOREM XIV. 
58» Every section of a sphere made by a plane is a circle. 

Let ABD be a section made by a 

plane cutting the sphere whose centre is /^/b^ ^^\ 
C ; then is ^ ^ i> a circle. "^J^^B^^Ezz^^ 

Draw C^ perpendicular to the plane, / -r--N'5"~^"~— — -J 

and to the points A, D, F, where the \^^--^ — f- — '^"'j 
plane cuts the surface of the sphere, \ \ j / 

draw CA, CD, C F, As C A, CD, xV | y^ 
C F are radii of the sphere they are 

equal, and are therefore equally distant from the foot of the 
perpendicular C E (IV. 7). Therefore E Ay ED, EF are 
equal, and the section ABD is a circle whose centre is E. 

59* Corollary, If the section passes through the centre of 
the sphere, its radius will be the radius of the sphere. 

60* Definition. A section made by a plane passing through 
the centre of a sphere is called a great circle. A section made 
by a plane not passing through the centre is called a small circle. 
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THEOREM XV. 

61 • The surface of a sphere is equal to the prod/uct of its diam- 
eter by the circumference of a great circle. 

Let ABCDEF be the semicircle by whose ^ 
revolution about the diameter A Fy the sphere ^ 
may be described; then the surface of the j 
sphere is equal to the diameter A F multi- j 
plied by the circumference of the circle whose ( 
radius is G^ -4, or = -4 -^ X circ. G A. 

Let ABCBFFhea, regular semi-decagon 
inscribed in the semicircle. Draw G per- I 
pendicular to one of its sides, sls BC. ^ 

Draw BK, OF, CL, D M, EN perpendicular to the diame- 
ter A Fy and B H perpendicular to G L, The surface described 
hj B G \b the convex surface of the frustum of a cone, and is 
equal to BG X circ. PO (45). But the triangles -5 C^ and 
FOG are similar (II. 21) ; therefore 

BG:BHotKL = GO :F0 

or (IIL 28) BG : KL = cnG. GO iciro, FO 

.\BGX circ. F0 = KL X circ. G 

That is, the surface described by ^ C is equal to the altitude 
KL multiplied by circ. GO, or the radius of the circle in- 
scribed in the polygon. In like manner it can be proved 
that the surfaces described by AB, G D, BE, and EF are 
respectively equal to their altitudes AK, LM, M N^ and N F 
multiplied by circ. G 0. Therefore the entire surface described 
by the semi-polygon will be equal to 

(AK-^ jS:L+LM'\'M]!^+J!^F) circ. GO = AFXc\rc^ GO 
This demonstration is true, whatever the number of sides of 
the semi-polygon ; it is true, therefore, if the number of sides 
is infinite, in which case the semi-polygon would coincide with 
the semicircle ; and the surface described by the semi-polygon 
would be the surface of the sphere, and the radius of the in- 
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scribed polygon "would be the radius of the sphere. Therefore 
we have the surface of the sphere equal to 

AFX cu-c. GA 

62i Corollary, Let S = the surface of the sphere, C = the 
circumference, R =±= the radius, D = the diameter, then we 
have (III. 30) C = 2irJi, or ir D 

Therefore S= 2nR X 2R = iicR^, or w JD^ 

That is, the surface of a sphere is equal to the square of its diame- 
ter multiplied by 3.14:159. 

THEOREM XVI. 

83« The volume of a sphere is the product of its surface by one 
third of its raditis. 

A sphere may be conceived to be composed of an infinite num- 
ber of pyramids whose vertices are at the centre of the sphere, 
and whose bases, being infinitely small planes, coincide with the 
surface of the sphere. The altitude of each of these pyramids 
is the radius of the sphere, and the sum of the surfaces of their 
bases is the surface of the sphere. The volume of each pyra- 
mid is the product of the area of its base by one third of its 
altitude, that is, of the radius of the sphere (51) ; and the vol- 
ume of all the pyramids, that is, of the sphere, is, therefore, 
the product of the surface of the sphere by one third of its 
radius. 

64 • Cor, 1. Let V= the volume- of the sphere, and R, B, 
and S the same as in (62). Then, as (62) 

S=^7rR'y orirD^ 

That is, the volume of a sphere is the cube of the diameter multi- 
plied by .5235. 

S5« Cor, 2, As in these equations f tt and ^ w are constant, 
the volumss of spheres vary as the cubes of their radii, or as the 
cubes of their diameters. 
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PRACTICAL QUESTIONS. 

1. How many square feet in the convex surface of a right prism whose 
altitude is 2 feet, and whose base is a regular hexagon of which each side 
is 8 inches long ? How many square feet in the whole surface ? 

2. The radius of the base of a cylinder is 6 inches, and its altitude 3 
feet ; how many square feet in the whole surface ? 

3. What is the number of feet in the bounding planes of a cube whose 
edge is 5 feet ? The number of solid feet in the cube ? 

4. What is the number of feet in the bounding planes of a right par- 
allelopiped whose three dimensions are 4, 7, and 9 feet ? The number of 
cubic feet in the parallelopiped ? 

5. What is the number of cubic feet in the right prism whose dimen- 
sions are given in the first example ? 

6. What is the number of cubic feet in the cylinder whose dimensions 
are given in the second example ? 

7. The altitude of a prism is 9 feet and the perimeter of the base 6 feet. 
What is the altitude and perimeter of the base of a similar prism one third 
OiS great ? 

8. What is the ratio of the volumes of two cylinders whose altitudes are 
as3 : 6? 

9. How many square feet in the convex surface of a right pyramid whose 
slant height is 3 feet, and whose base is a regular octagon of which each 
side is 2 feet long ? 

10. How many square feet in the convex surface of a cone whose slant 
height is 5 feet and whose base has a radius of 2 feet ? How many square 
feet in the whole surface ? 

11. How many cubic feet in a right quadrangular pyramid whose alti- 
tude is 10 feet, and whose base is 3 feet square ? 

12. How many cubic feet in the cone whose dimensions are given in the 
tenth example ? 

13. The slant height of a frustum of a right pyramid is 6 feet, and the 
perimeters of the two bases ara 18 feet and 12 feet respectively ; what is 
the convex surface of the frustum ? 

14. What would be the slant height of the pyramid whose frustum is 
given in the preceding example ? 

15. What is the whole surface of a frustum of a cone whose altitude is 
8 feet, and of whose bases the radii are 11 feet and 5 feet respectively ? 



86 SOLID QEOMETBT. 

10. The altitude of a pyramid is 25 feet, and its hue is a rectangle 8 
feet by 6 ; how many cubic feet in the pyramid ? 

17. The altitude of a cone is 20 feet, and the radius of its base 6 feet ; 
how many cubic feet in the cone ? 

18. How many cubic feet in a frustum of the cone given in the preced- 
ing example, cut off by a phine 6 feet from the base ? 

19. How far from the base must a cone whose altitude is 12 feet be cut 
off so that the frustum shall be equivalent to one half of the cone ? 

20. How many square feet in the surface of a sphere whose radius is 6 
feet? 

21. How many cubic feet in a sphere whose radius is 8 feet ? 

22. What is the ratio of the volumes of two spheres whose radii are 
as4:8? 

23. Are spheres always similar solids ? Are cones T 

24. What is the least number of planes that can enclose a space ? 

EXERCISES. 

66* The convex surfaces of prisms or pyramids of equal altitudes 
are as the perimeters of their bases. (14.) 

67» The opposite faces of a parallelopiped are equal and parallel 

68» The four diagonals of a parallelopiped bisect each other. 

09» A plane passing through the opposite edges of a parallelopiped 
bisects the parallelopiped. 

70» In a right parallelopiped the diagonals are equal; and the 
square of each is equal to the sum of the squares of the three 
dimensions. 

71 • In a cube the square of a diagonal is three times the square 
of an edge. 

72 • Prisms are to each other as the products of their bases by 
their altitudes. (25.) 

73« Prisms with equivalent bases are as their altitudes; with 
equal altitudes, as their bases. (72.) 
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74» Polygons formed by parallel planes cutting a pyramid are as 
the squares of their distances from the vertex. (39 ; II. 31.) 

75» Pyramids are to each other as the products of their bases by 
their altitudes. (51.) 

76» Pyramids with equivalent bases are as their altitudes ; with 
equal altitudes, as their bases. (75.) 

77. How can Theorem YIII. be proved from Theorem IX. ? 

78« If a pyramid is cut by a plane parallel to its base, the pyra- 
mid cut off will be similar to the whole pyramid. (39 ; 4). 

79» In a sphere great circles bisect each other. 

80» A great circle bisects a sphere. (54.) 

81 • The centre of a small circle is in the perpendicular from the 
centre of the sphere to the small circle. 

82i Small circles equally distant from the centre of a sphere are 
equaL 

83i The intersection of the surfaces of two spheres is the circum- 
ference of a circle. 

81 • The arc of a great circle can be made to pass through any 
two points on the surface of a sphere. (IV. 4.) 

85« Definition. A plane is tangent to a sphere when it touches 
but does not cut the sphere. 

86i Prove that the radius of a sphere to the point of tangency of 
a plane is perpendicular to the plane. (IV. 8.) 

87t As the semi-decagon revolves about AF^ ^ ..iTl^ 
what kind of a solid is described by the triangle p 
ABKt What by the trapezoid ilT (7? By LV? ^ 

88# The surface described by the line A 5 ■=• ^ 
AKX circ. GO. 

Draw from G a perpendicular to A B^ and from 
the point where it meets A B & perpendicular to «. 
AF. (42.) F 

89« The surface described by the line CD ^' LM X circ. GO, 
(15.) 
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90» Definition, The surfaces described by the arcs AB, BCj CD, 
&c. are called zones. 

91 1 The area of a zone Is equal to the product of its altitude by 
the circumference of a great circle. 

92i Zones on the same or equal spheres are as their altitudes. 

93« The surface of a sphere is four times the surface of one of ita 
great circles. (62; 111.32.) 

94» Definition, A polyedron is circumscribed about a sphere 
when its faces are each tangents to the sphere. In this case the 
sphere is inscribed in the polyedron. 

95 1 The surface of a sphere is equal to the convex surface of the 
circumscribed cylinder. (62 ; 15.) 

96* Definition. A Spherical Sector is the solid described by any 
sector of a semicircle as the semicircle revolves about its diameter. 

♦ 

97 • The volume of a spherical sector is equal to the product of the 
surface of the zone forming its base by one third of the radius of the 
sphere of which it is a part 

98« A Spherical S^^ment is a part of a sphere included by two 
parallel planes cutting or touching the sphere. When one plane 
touches and one cuts the sphere, the spherical segment is called a 
spherical segment of one hose ; when both cut, a spherical segment of 
two bases, 

99* How can the volume of a spherical segment of one base be 
found ? A spherical segment of two bases ? 

100« A sphere is two thirds of the circumscribed cylinder. 

101 • A cone, hemisphere, and cylinder having equal bases and the 
same altitude are as the numbers 1, 2, 3. 
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PEOBLEMS OF CONSTEUCTIOK 

In the preceding demonstrations we have assumed that our 
figures were already constructed. The Problems of Construc- 
tion given in this Book depend for their solution upon the prin- 
ciples of the preceding Books. In some of the problems the 
construction and demonstration are given in full ; in others the 
construction is given and the propositions necessary to prove 
the construction referred to in the order in which they are to 
be used, and the pupil must complete the demonstration. Jn a 
few instances references are made to the Exercises appended to 
the previous Books. In such cases either the propositions to 
which reference is made can be demonstrated or the problem 
omitted. 



PROBLEM 1. 



1« To bisect a given straight line. 

Let ABhQ the given straight line. From 
A and B as centres with a radius greater 
than half of A B, describe arcs cutting one 
another at C and D ; join C and D cutting 
AB at Uj and the line AB is bisected at B, 
For C and I) being each equally distant from 
A and B, the line CD must be perpendicu- 
lar to -4 -5 at its middle point (converse of 
L 53). 



A 



C 



E 



D 



B 
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PROBLEM II. 

2» From a given point without a straight line to draw a per- 
pendicular to that line. 



Let C be the point and A B the line. 

From (7 as a centre describe an aro 
cutting ^ ^ in two points E and F', with 
E and F as centres, with a radius greater A ^^^ 
than half ^^, describe arcs intersecting 
at D. Draw CD, and it is the perpen- 
dicular required (converse of L 53). 



...'/ ^ 






PROBLEM III. 

S« From a given point in a straight line to erect a perpendicu- 
lar to that line. 



F 

X 



Let C be the given point and A B the 
given line. 

With (7 as a centre describe an aro 
cutting AB'm D and E ; with D and E 

as centres, with a radius greater than •4~t- jj j-B 

D C, describe arcs intersecting at F. 

Draw G Fy and it is the perpendicular required (converse of 

L 63). 



G 



Second Method. With C as a centre de- 
scribe an arc DEF\ take the distances 
BE and EF equal to OB, and from E 
and F as centres, with a radius greater 
than half the distance from E to F, de- 
scribe arcs intersecting at G, Draw CG, D C 

and it is the perpendicular required (III. 33; III. 16; III. 15). 



E 



. 



-B 
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Third Method, With any point, i>, 
without the line A By with a radius equal 
to the distance from D to C> describe an 
arc cutting AB at ^ ; draw the diameter 
EDF, Draw G F^ and it is the perpen- 
dicular required (III. 23). 




PROBLEM IV. 



4» To bisect a given arcy or angle. 

1st. Let AB he the given arc. Draw the 
chord AB and bisect it with a perpendicu- 
lar (1; III. 16). 

2d. Let C be the given angle. 

With (7 as a centre describe an arc cutting 
the sides of the angle in A and B ; bisect the 
arc A B with the line (7-D, and it will also bi- 
sect the angle C (III. 11). 




PROBLEM V. 



5i At a given point in a straight line to make an angle equal 
to a given angle. 

Let .4 be the given point in the line 
A By and C the given angle. With 
as a centre describe an arc DE cut- 
ting the sides of the angle C ] with 
^ as a centre, with the same radius, 
describe an arc; with # as a centre, 
with a radius equal to the distance from 
JD to Ey describe an arc cutting the 
arc FG. Draw A G. The angle A — G (IIL 12; IIL 11). 
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PROBLEM VI. 



6t Through a given point to draw a line parallel to a given 
straight line. 



Let (7 be the given point, and A B 
the given line. From C draw a line 
CD to AB'y at C in the line DC 
make an angle D C E equal to G D A 
(5) ; CE is parallel to ^ ^ (I. 18). 




PROBLEM VII. 



7» Two angles of a triangle given, to find the third. 



Draw an indefinite line AB'y at 
any point C make an angle AC D 
equal to one of the given angles, and 
DCE equal to the other (5). Then 
EC B\&i)iQ third angle (I. 7 ; I. 33). 




PROBLEM VIII. 

8t The three sides of a triaiigle given, to construct the triangle. 

Take A B equal to one of the given sides ; 
with ^ as a centre, with a radius equal to 
another of the given sides, describe an arc, 
and with ^ as a centre, with a radius equal 
to the remaining side, describe an arc inter- 
secting the first arc at C. Draw A C and C B^ and ACB va 
evidently the triangle required. 
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PROBLEM IX. 

9* Two sides and the included angle of a triangle given, to 
construct the triangle. 

Draw A B equal to one of the given sides ; C 

at B make the angle ABC equal to the given 
angle (5), and take BG equal to the other 
given side ; join A and (7, and ABC i& evi- 
dently the triangle required. 




PROBLEM X. 

10« TvH) angles and a side of a triangle given, to con^struct 
the triangle. 

If the angles given are not both adja- 
cent to the given side, find the third angle 
by (7). Then draw A B equal to the given 
side, and at B make an angle ABC equal 
to one of the angles adjacent to A B, and 
at A make an angle BAC equal to the other angle adjacent to 
A B, and ABC is evidently the triangle required. 




PROBLEM XL 

11. Ttoo sides of a triangle and the angle opposite one of them 
given, to construct the triangle. 

Draw an indefinite line AC ; at A 
make the angle CAB equal to the 

given angle, and take A B equal to the . 

side adjacent to the given angle ; with '"' '' 

^ as a centre, with a radius equal to the other given side, de- 
scribe an arc cutting A C. If the given angle A is acute, 
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1st. The given side B (7, opposite the given angle, may be 
less than the other given side ; then j^ 

the arc described from ^ as a centre 
will cut AC m two points, C and i>, 
on the same side of Ay and, drawing 
BC and BD, the triangles ABC and ABD (whose angle BDA 
is the supplement of the angle BCA), both satisfy the given 
conditions. 

2d. The given side opposite the given angle may be equal to 
the perpendicular BE ; then the arc described from ^ as a 
centre will touch A C, and the right triangle ABU ia the only 
one that can satisfy the given conditions. 

3d. The side opposite the given angle may be greater than 
the other given side ; then the arc described from ^ as a centre 
will cut AB in C, and in another point on the other side of A. 
In this case there can be but one triangle ABC satisfying the 
given conditions, the triangle formed on the opposite side of 
A B containing not the given angle but its supplement. 

4th. If the given angle is obtuse, the given side opposite the 
given angle must be greater than the other given side, and as 
in the last case above there can be but one solution. 

12« Scholtum. If the side opposite the given angle A is 
less than the perpendicular, or if the given angle is right or ob- 
tuse, and at the same time the side opposite the given angle is 
less than the other given side, the solution is impossible. 

13* Corollary, From this and the preceding Problem and 
Theorems VIIL, IX., and XIV. of Book I., it follows that with 
the exception of the ambiguity pointed out in the first part of 
this Problem, two triangles are equal if any three parts, of which 
one is a side^ of the one are equal to the corresponding parts of 
the other. 
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PROBLEM XII. 

14« ^0 ^7w£ the centre of a given circumference or of a given 
arc. 

Let ABDhe the given circumference, 
or arc. 

Draw any two chords not parallel to 
each other, slr A B, B D, and bisect these 
chords by the perpendiculars CH and 
CI'. These perpendiculars will intersect 
at the centre of the circumference or 
arc (III. 17). 

15 • Scholvum. By the Same construction a circumference 
may be made to pass through any three given points ; or a cir- 
cle circumscribed about a given triangle. 




PROBLEM XIII. 
16. To inscribe a cirde in a given triangle. 

Let AB Che the given triangle. 

Bisect any two of its angles. With the point i>, where the 
two bisecting lines meet, as a centre, with a 
radius equal to the distance of D from any 
one of the sides, describe a circle, and it will 
be the circle required. 

Draw the perpendicular DE, JDF, DG. 
The angles at A are equal by construction, 
and the angles AE D and AFD are each 
right angles; therefore the triangles ADE q 
and AFD are equiangular (I. 35), and the 
side AD iH common ; therefore the triangles are equal (I. 41), 
and DE = DF. In like manner DE=DG. Therefore the 
circle described from i> as a centre with the radius D E will 
pass through the points F and G \ and since the angles at 
E, F^ G 2ixe right angles, the sides of the triangle ABC are 
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tangents ; therefore the circle HFG is inscribed in the tri- 
angle ABC (III. 20). 

17« Scholium, The lines bisecting the angles of a triangle 
all meet in the same point. 

PROBLEM XIV. 

18* Through a given point to draw a tangent to a given cir- 
cumference, 

1st. If the given point is in the circumference. 

Erect a perpendicular to the radius at the given point (3). 

2d. If the given point is without 
the circumference. 

Join the given point A with the 
centre C of the given circle BD E , 
on AC as & diameter describe a cir- 
cle cutting the given circle in B and 
D, Draw A B and A D, and each will be tangent to the given 
circle through the given point. For drawing the radii CB, CD, 
the angles B, D are each right angles (III. 23) ; therefore A B, 
A D are tangents to the given circle. 

19* Corollary, The tangents AB, AJD axe equal (I. 50). 

PROBLEM XV. 

20* Upon a given straight line to describe a segment of a circle 
which shall contain a given angle. 

Let ABhe the given straight line. 

At B make the angle ABD equal to 
the given angle (5). Draw B C perpen- 
dicular to i>-5; bisect AB in JE, and 
from E draw JS C perpendicular to A B, 
From C, the point of intersection of 
BC and EC, with a radius equal to 
OB, describe a circle AGBF; BFA is the segment required. 
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As ^i> is perpendicular to the radius CB aX B, it is a tan- 
gent to the circle, and hence the angle ABJ) is measured by 
half the arc ^ 6^^ -5 (III. 64) ; and any angle B FA inscribed in 
the segment B FA is also measured by half the arc AGB 
(III. 21), and is therefore equal to the angle ABD or the given 
angle. 

21* Corollary, If the given angle is a right angle, the re- 
quired segment would be a semicircle described on the given 
line as a diameter. 

PROBLEM XVI. 
22* To divide a given line into parts proportional to given lines. 

Let it be required to divide A - 
AB into parts proportional 
to Jf, N, 0. 

Draw at any angle with 
AB BD. indefinite line A G. 
From A cut oS AJ), BF, FF equal respectively to M, N, 0. 
Join Bio Fy and through D and F draw lines parallel to BF. 
These parallels divide the line as required (II. 16). 

23, Ccyrollary. By taking M, Ny equal, the given Ime can 
be divided into equal parts. 




PROBLEM XVII. 

24* To find a fourth proportional to three given lines. 

Let it be required to find 
a fourth proportional to M, 
i\r, 0. 




C M NO 
F 



Draw at any angle with 
each other the indefinite 
lines AF, AG. From AF cut off AB=,My BC=-N, and 



98 



BLASE GBOMETRT. 



fifom A G cat cff AD=zO, Join BD and through C draw 
C£ parallel to BD; then D£ ia the required foorth pro- 
portional (XL 16). 

2S« Corollary. Bj taking A B eqnal to M^ and ^ i> and 
B C each equal to iT, a third proportional can be found to M 
and N, 



PBOBLEM XYin. 
jM« To find a mean proportiomd between Uoo given Unee. 

Let it be required to find a mean 
proportional between M and JIT. 

From an indefinite line cut off 
ABz=M,BC = A^;oaACssn, 
diameter describe a semicircle and 
at B draw BD perpendicular to ^ C BB is the mean propor- 
tional required. Join AI),J)C. (UL 23 ; IL 26.) 




27* BefinUion. When a line is divided so that one s^ment 
is a mean proportional between the whole line and the other 
segment^ it is said to be divided in extreme and mean ratio. 



PROBLEM XIX. 
28« To divide a given line in extreme and mean ratio. 

Let it be required to divide ^ ^ in extreme and mean ratio. 

At B draw the perpendiculai 
i?(7 = J AB; join AC; cut off 
Cl) = CB,AB = ABytJidAB is 
divided at J^ in extreme and mean 
ratio. 

For, describe a circle with the cen- 
tre C and radius CB and produce AC to meet the circumfer- 
ence in Ff then ^ i^ is a secant and ABsk tangent of the circle 
DFB, and therefore {UL 64) 




^ 
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AF:AB = AB',AD 
and (Pn. 18) 

AF—AB:AB = AB — AD :AD 

But AB = 2CB = DF 

therefore AF— AB=zAF— DF=zAD = AE 

and the proportion becomes 

AE\AB=zEB :AE 

or(Pn. 16) AB'.AE = AE:EB 



PROBLEM XX. 

29* Through a given point in a given angle to draw a line so 
that the segments indvded between the point and the sides of the 
angle may he in a given ratio. 

Let it be required to draw through ^ ^ ^ 

the point D within the angle B a lino 
so that AD \I)C^=iM \N. 

Draw BE parallel to AB, 

Find EC Q. fourth proportional to 
M, N, and BE (24); join (7 to i>, ~ J^ 
and produce CD to -4, and AG \& the line required (11. 16). 




PROBLEM XXI. 

30a The base, an adjacent angle, and the altitude of a triangle 
given, to construct the triangle. 

At A of the base A B draw an indefi- ^ jStrr.S 

nite line A C making the angle A equal ^^.^"^^ I 

to the given angle; at any point in AB, ^^r*^^"^ / 

as D, draw the perpendicular DE equal D B 

to the given altitude ; through E draw EF parallel to -4 .5 cut- 
ting AC xtlG) join G B, and AGB\& the triangle required. 
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PROBLEM XXII. 

Sl« To construct a par€dl€logram, having the sum of its base 
and altitude given, which shall be equivalent to a given square. 

On A Bf the given sum, as a diame- 
ter, describe a semicircumference. At 
any point, as ^, in ^1 ^ draw the perpen- 
dicular BC equal to a side of the given -^j 
square ; through C draw C D parallel to 
A Bf cutting the circumference in D ; draw D E perpendicular 
to AB. A E^ EB are one the base and the other the altitude 
of the parallelogram required (26). 

32« Scholium, K the side of the square is greater than 
half the sum of the base and altitude, the construction is im- 
possible. 




PROBLEM XXIII. 

To construct a parallelogram having the difference between 
its base and altitude given, which shall be equivalent to a given 
square. • 

On AB the given difference, as a diameter, 
describe a semicircumference. At A draw 
the perpendicular A D equal to a side of the 
given square ; join D with the centre C, and 
produce I) C to E. D F, DE are one the 
base and the other the altitude of the paral- 
lelogram required (III. 64). 




PROBLEM XXIV. 



34 • To construct a square equivalent to a given parcUldogram^ 

Find a mean proportional between the altitude and base of 
the given parallelogram (26), and it will be a side of the re- 
quired square. 
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PROBLEM XXV. 

35« To construct a square equivalent to a given triangle. 

Find a mean proportional between the base and half the 
altitude (26), and it will be a side of the required square. 



PROBLEM XXVI. 

36t To construct a square equivalent to a given circle. 

Find a mean proportional between the radius and the semi- 
circumference, and it will be a side of the required square. 



PROBLEM XXVII. 

37* To construct a square equivalent to the sum of ttoo given 
squares. 

Construct a right triangle (9) with the sides adjacent to the 
right angle equal respectively to the sides of the given squares ; 
the hypothenuse will be a side of the required square (11. 27). 

38 • Scholium. By continuing the same process we can find 
a square equivalent to the sum of any number of given squares. 



PROBLEM XXVIII. 

39t To construct a square equivalent to the difference of two 
given squares. 

Construct a right triangle (11), taking as the hypothenuse a 
side of the greater square, and for one of the sides adjacent to 
the right angle a side of the other square ; the third side of 
the triangle will be a side of the required square (II. 28). 
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PROBLEM XXIX. 
40* To construct a triangle equivalent to a given polygon. 

Let AD he the polygon. s 

Draw B Z> cutting off the triangle 
BCD'y through 6*draw (7 /'parallel 
to BD; join B F, and a polygon 
AB F E \& formed with one side less 
than the given polygon and equiva- 
lent to it. For the triangles BCD and B F D, having the 
same base B D, and the same altitude, are equivalent ; adding 
to each the common part AB DE, we have ABC D F equiv- 
alent to A BFF. In like manner a polygon with one side 
less can be found equivalent to A BFF, and by continuing the 
process the sides may be reduced to three, and a triangle ob- 
tained equivalent to the given polygon. 

41 • Scholium, Since by (35) a square can be found equiva- 
lent to a given triangle, by (40) and (35) a square can be found 
equivalent to any polygon. 



PROBLEM XXX. 

42t On a given line to construct a polygon similar to a given 
polygon. 

. Let AD he the given poly- 
gon and Jf Z the given line. 
Draw the diagonals A Fy 
AD, AC, At M and L 
make the angles GML and F E 

GLM equal respectively to AFF and A E F, and a triangle 
GLM wiU be formed similar to AFF, In like manner on 
G L construct a triangle similar to A D E; on G K one similar 
to AC D ; on GI one similar to ABC ; and the polygons A D, 




— -^D a^-"'" 
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KG, being composed of the. same number of similar triangles 
similarly situated, are similar (II. 75). 



PROBLEM XXXI. 

43* ' Tioo similar polygons being given, to cmistruct a similar 
polygon equivalent to their sum, or to their difference. 

Find a line whose square shall be equivalent to the sum (37), 
or to the difiference (39), of the squares of any two homologous 
sides of the given polygons, and this will be the homologous 
side of the required polygon (II. 31). On this line construct 
(42) a polygon similar to the given polygons. 




PROBLEM XXXII. 

44 • To construct a square which shall he to a given square in a 
given ratio. 

On any line -4 C, as a diameter, 
describe a semicircumference ABC; 
divide the line A C at the point D 
so that A D '. DC in the given ra- 
tio. Perpendicular to AC draw D B 
meeting the circumference at B\ join B A, BC, and on BC^ 
produced if necessary, take BF= & side of the given square. 
Through F draw £J F parallel to A C, meeting BA in E, and 
BE i^z. side of the required square. 

For as -B is a right angle (III. 23), we have (II. 72) 

BE^\BF^ = EG: GF 
But as ^-^ is parallel to A C, we have (II. 47) 

EG\GF=AD:DC 

therefore (Pn. 11) 

BE^:BF^ = AB:DC 
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PROBLEM XXXIII. 

^S• To inscribe a square in a given circle. 

Draw two diameters A Cy B D &t right 
angles to each other, aud join AB, 
BC, CD, DA ; A BCD is the required 
square (III. 23 ; III. 12). 

46a Corollary. By bisecting the arcs 
AB, BC, CD, DA, and drawing the 
chords of these smaller arcs, a regular 
octagon will be inscribed in the circle. By continuing this 
bisection regular polygons can be inscribed having the number 
of their sides 16, 32, 64, and so on. 




PROBLEM XXXIV. 

47» To inscribe a regular hexagon in a given circle. 

Take A B equal to the radius of the 
given circle, and it will be a side of the 
hexagon required (III. 33). 

48a Corollary. By drawing A C, CD, 
DAa.n equilateral triangle will be de- 
scribed in the circle. By bisecting the 
arcs AB,BC, &c., and continuing this 
besection as in (46), and drawing the chords of these smaller 
arcs, regular polygons can be' inscribed having the number of 
their sides 12, 24, 48, 96, and so on. 




PROBLEM XXXV. 



49t To inscjnbe a regular decagon in a given circle. 

Divide the radius AB in extreme and mean ratio at the point 
D (28), and take BC = AD, the greater segment, and it will 
be the side of the required decagon. 
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Draw AC, CD, The triangles ACB, 
DCB are similar (11. 23); for they have 
the angle B common, and by construction 

AB:AD = AJ):DB 

but AI) = BC 

therefore AB:BC = BC\BD 

Therefore, sja A C B is isosceles, I) C B is also isosceles, and 
C P -=. C B \ therefore also C D =. D A, and AC D vAtm isos- 
celes triangle, and the angle A z= AC D, But the exterior 
angle B D C =• A -{- AC D=2 twice the angle A, Therefore,* 
as B=iBDC, B z=i twice the angle A. But B = AC B; 
therefore the sum of the three angles A, B, and AC B is equal 
to five times the angle A ; or the angle A is one fifth of two 
right angles, or one tenth of four right angles ; therefore the 
arc B C is one tenth of the circumference, and the chord B C 
a side of a regular decagon inscribed in the circle. 

59 • Corollary. By drawing chords joining the alternate 
angles a regular pentagon will be inscribed. By proceeding as 
in (46) regular polygons can be inscribed having the number of 
their sides 20, 40, 80, and so on. 



PROBLEM XXXVI. 

51* To inscribe a regular polygon of fifteen aides in a given 
circle. 

Find by (47) the arc A C equal to a sixth 
of the circumference, and by (49) the arc 
A B equal to a tenth of the circumference, 
and the chord B C will be a side of the poly- 
gon required. 

Si% Corollary, Proceeding as in (46) regular polygons can 
be inscribed having the number of their sides 30, 60, and so on. 
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PROBLEM XXXVII. 

53* To circumscribe aboiU a given circle a polygon similar to a 
given inscribed regular polygon. 

Let AD he the given inscribed poly- 
gon. Through the points A, B, (7, D, 
E, F draw tangents to the circumference. M^ 
These tangents intersecting will form the 
polygon required. 

For the triangles AGB, B H C, <fec. 
are isosceles (19) ; and as the arcs A B, 
B (7, <fec. are equal, the angles GAB, 
GBA, HBG, HGB, &c. are equal 
(III. 54) ; therefore, as the bases AB, BG, &c. are equal, these 
isosceles triangles are equal. Hence the angles (?, U^ /, iT, 
X, M are equal, and the polygon MI is equiangular; and as 
GB = BH=HG = Gl &c., GH=HI, &c. ; therefore the 
polygon M I is equilateral and regular (II. 32). It is also sim- 
ilar to ^ 2> (II. 33) ; and as its sides are tangents it is circum- 
scribed about the circle. 

54a Corollary. As (45-52) regular polygons can be in- 
scribed having the number of their sides 3, 4, 5, 6, 8, 10, 12, 
15, 16, 20, 24, 30, 32, 40, 48, 60, 64, 80, 96, and so on, regu- 
lar polygons having the number of their sides represented by 
these numbers can also be circumscribed about a given circle. 

EXERCISES. 

55 • From two given points to draw two equal lines meeting in a 
given straight line. (I. 63.) 

56t Through a given point to draw a line at equal distances from 
two other given points. 

51% From a given point out of a straight line to draw a line mak- 
ing a given angle with that line. (I. 17.) 
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58 • From two given points on the same side of a given line to 
draw two lines meeting in the first line and making equal angles 
with it. 

59« From a given point to draw a line making equal angles with 
the sides of a given angle. 



It Through a given point to draw a line so that the parts of the 
line intercepted between this point and perpendiculars from two 
other given points shall be equaL 

If the three points are in a straight line, the parts equal what ? 

61* From a point without two given Unes to draw a line such 
that the part between the two lines shall be equal to the part between 
the given point and the nearer line. 

When is the Problem impossible ? 

62* To trisect a right angle. 

63* On a given base to construct an isosceles triangle having 
each of the angles at the base double the third angle. 

64* To construct an isosceles triangle when there are given 
1st The base and opposite angle. 
2d. The base and an adjacent angle. 
3d. A side and an opposite angle. 
4th. A side and the angle opposite the base. 

65* The base, opposite angle, and the altitude given, to construct 
the triangle. (III. 22.) (20.) 
When is the Problem impossible ? 



U The base, an angle at the base, and the sum of the sides given, 
to construct the triangle. 

When is the Problem impossible ? 

67 • The base, an angle at the base, and the diflference of the sides 
given, to construct the triangle. 

1st. When the given angle is adjacent to the shorter side. 
2d. When the given angle is adjacent to the longer side. 
When is the Problem iippossible ? 

68* The base, the difference of the sides, and the difference of 
the angles at the base given, to construct the triangle. 
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69* The base, the angle at the vertex, and the sum of the sides 
given, to construct the triangle. 
When is the Problem impossible ? 

70* The base, the angle at the vertex, and the difference of the 
sides given, to construct the triangle. 

71* On a given base to construct a triangle equivalent to a given 
triangle. 

72 a With a given altitude to construct a triangle equivalent to a 
given triangle. 

73* Two sides of a triangle and the perpendicular to one of them 
from the opposite vertex given, to construct the triangle. 

74 • Two of the perpendiculars from the vertices to the opposite 
sides and a side given, to construct the triangle. 

1st. When one of the perpendiculars falls on the g[iven side. 
2d. When neither of the perpendiculars falls on the given side. 

75* An angle and two of the perpendiculars from the vertices to 
the opposite sides given, to construct the triangle. 

1st. When one of the perpendiculars falls from the vertex of the 
given angle. 

2d. When neither of the perpendiculars falls from the vertex of 
the given angle. 

76# An angle and the segments of the opposite side made by a 
perpendicular from the vertex given, to construct the triangle. 

77 • Given an angle, the opposite side, and the line from the given 
vertex to the middle of the given side, to construct the triangle. 
When is the Problem impossible ? 

78 • An angle, a perpendicular from another angle to the opposite 
side, and the radius of the circumscribed circle given, to construct the 
triangle. 

When is the Problem impossible ? 

79# To divide a triangle into two parts in a given ratio, 
1st By a line drawn from a given point in one of its sides. 
2d. By a line parallel to the base. 
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80# To trisect a triangle by straight lines drawn from a point 
within to the vertices. 

81 • Parallel to the base of a triangle to draw a line equal to the 
sum of the lower segments of the two sides. 

82# Parallel to the base of a triangle to draw a line equal to the 
difference of the lower segments of the two sides. 

83* To inscribe in a given triangle a quadrilateral similar to a 
given quadrilateral. 

84 • To divide a given line so that the sum of the squares of the 
parts shall be equivalent to a given square. 

85 • To construct a parallelogram when there are given, 

1st. Two adjacent sides and a diagonal 

2d. A side and two diagonals. 

3d. The two diagonals and the angle between them. 

4th- The perimeter, a side, and an angle. 

86« To construct a square when the diagonal is given. 

87 • To construct a parallelogram equivalent to a given triangle 
and having a given angle. 

88 • To draw a quadrilateral, the order and magnitude of all the 
sides and one angle given. 

Show that sometimes there may be two different polygons satisfy- 
ing the conditions. 

89. To draw a quadrilateral, the order and magnitude of three 
sides and two angles given. 

1st. The given angles included by the given sides. 

2d. The two angles adjacent, and one adjacent to the unknown side. 

3d. The two angles being opposite each other. 

4th. The two angles being both adjacent to the unknown side. 

In any of these cases can more than one quadrilateral be drawn ? 

90. To draw a quadrilateral, the order and magnitude of two 
sides and three angles given. 

1st. The given sides being adjacent. 
2d. The given sides not being adjacent. 
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91* In a giyen circle to inscribe a triangle similar to a given 
triangle. 

92* Through a given point to draw to a given circle a secant such 
that the part within the circle may be equal to a given line. 

93* With a given radius to draw a circumference, 
1st. Through two given points. 

2d. Through a given point and tangent to a given line. 
3d. Through a given point and tangent to a given circumference. 
4th. Tangent to two given straight lines. 

6th. Tangent to a given straight line and to a given circumference. 
6th. Tangent to two given circumferences. 

State in each of these cases how many circles can be drawn, and 
when the construction is impossible. 

94 • To draw a circumference, 

1st. Through two given points and with its centre in a given line. 

2d. Through a given point and tangent to a given line at a given 
point 

3d. Tangent to a given line at a given pointy and also tangent to a 
second given line. 

4th. Tangent to three given lines. 

6th. Through two given points and tangent to a given line. 

6th. Through a given point and tangent to two given lines. 

95* To draw a tangent to two circumferences. 

There can be drawn, 

1st. When the circles are external to each other, four tangents. 

2d. When the circles touch externally, three. 

3d. When the circles cut, two. 

4th. When the circles touch internally, one. 

5th. When one circle is within the other, none. 



